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Abstract 
 
In this study, the effect of speed was investigated on the breakage rate of UG2 
platinum ore in a batch mill of 5 dm3 and 175 mm internal diameter. One size fraction 
method was carried out to perform the experiment. Five mono-sized fractions in the 
range of 1.180 mm to 0.212 mm separated by √2 series interval were prepared. The 
fractions were milled at different grinding times (0.5, 2, 4, 15 and 30 min) and three 
fractions of mill critical speed were considered (20%, 30%, and 40%). The target of 
critical speed below 50% was due to the need of lower energy consumption in milling 
processes. The selection and breakage function parameters were determined and 
compared for fractions of critical speed. 
First the grinding kinetics of the ore was determined and it was found that the 
material breaks in non-first order manner. Thereafter, effective mean rate of 
breakage was determined. It was found that the rate of breakage increased with 
increase of mill speed and optimum speed was not reached in the range of chosen 
mill speed fractions. Again the rate of breakage was plotted as a function of particle 
size, the optimum size was 0.8 mm when milling at 30% critical speed. As for 20% and 
30% optimum size was not reached. The selection function parameters estimated at 
30% critical speed were 𝑎0 = 0.04 min−1, 𝛼 = 1.36, 𝜇 = 0.9 mm, and Λ = 3. Breakage 
function parameters were determined and was noticed that the material UG2 
platinum ore is non-normalised, i.e.  Φ value was changing from 0.25 to 0.90 
depending on feed size and mill speed. The parameters 𝛽 and 𝛾 were constant at 7.3 
and 1.17 respectively. 
Key terms: Population balance Model, ball milling, communition, Size specific energy, 
Selection function, breakage function, mill critical speed, Platinum ore, milling 
kinetics, breakage rate. 
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The correction factor which is 1 for small particles 
and less than 1 for the particles too large to be 
fractured by grinding media in Equation 2.13 
⏀c 
% 
Mill speed expressed as a fraction of theoretical 
critical speed 
 Ф𝑗 
% 
Fraction of fines produced in a single fracture event. 
It is dependent on the material being crushed 
 
- 
Breakage function parameter which is material-
dependent in Equation 2.27 
 𝛿 
- 
Breakage function parameter which is material-
dependent in Equation 2.28 
 R2 
- Coefficient of determination 
 𝑟𝑖 
m 
The inner radius of the ball charge 
𝑟𝑚 
m 
The internal radius of the mill 
𝜃𝑇  
m 
the toe  of the ball media charge 
𝜃𝑠 
m 
the shoulder of the ball media charge 
𝑆𝑖 
min-1 
Rate of breakage of size i 
𝑆𝑗 
min-1 Rate of breakage of size j 
𝑆𝑗,𝑠𝑙𝑜𝑤  
min-1 Slow breakage rate of size j 
𝑆𝑗,𝑓𝑎𝑠𝑡  
min-1 Fast breakage rate of size j 
xxi 
 
T 
- 
Denotation of batch grinding parameters in 
Equations 2.14 to 2.19 
t 
min Grinding time used in batch mill 
 U 
% 
Volumetric fraction of space between grinding balls 
at rest filled by powder 
𝑋0 
mm Standard size equals to 1 mm 
 Xi 
mm Lower screen size of the particle size interval i 
Xi+1 
mm Upper screen size of the particle size interval i 
Xj 
mm Lower screen size of the particle size interval j 
Xj+1 
mm Upper screen size of the particle size interval j 
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Chapter 1 Introduction 
 
1.1 Background 
Milling is generally the second stage of comminution or particle size reduction used 
in mineral processing after crushing. The process finds wide use in industries such as 
mining, fine chemicals, food manufacturing, aerospace, automobile, nanotechnology, 
cement, pigments, and pharmaceuticals (Charkhi et al., 2010; Frances et al., 1996; Han 
et al., 2016; Kwon et al., 2014; Zhao et al., 2017). Milling can be dry or wet depending 
on the nature of the feed material (Frances et al., 1996; Kotake et al., 2011; Ozkan et 
al., 2009) or end-product target requirements. 
In mineral processing, the principal objective of comminution in general and ball 
milling in particular is to liberate the mineral of interest from the unwanted minerals 
(Wills and Napier-Munn., 2005; Zhao et al., 2017). The level of size reduction depends 
on the demand for a particular product size range and subsequent separation 
processes. In the case of ball milling, a cylindrical vessel loaded with loose spherical 
grinding balls is used. The rotating motion imparted on the mill shell allows the 
grinding media to tumble and break ore particles by a combination of impact, 
compression, and attrition. Impact breakage occurs when grinding media come into 
forcible contact with each other. Breakage by compression and attrition arises 
primarily due to the frictional force caused by grinding balls rubbing against one 
another. 
The three breakage mechanisms experienced inside a ball mill as a result of the 
tumbling motion of grinding media are illustrated in Figure 1.1. Breakage by attrition 
and compression generally leads to the production of fine material while impact 
breakage generates a coarser product (King, 2001). 
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Figure 1.1 Breakage mechanisms occurring in ball mills: bigger circles represent 
grinding balls and small circles represent ore particles (Chierigati, 2001) 
The relative contribution of the three mechanisms to breakage is to a large extent 
dependent upon the rotational speed of the ball mill (Gupta and Yan, 2006). Indeed, 
low mill speed results in a rolling motion of the media charge known as cascading 
motion. This motion engenders high levels of friction between grinding balls and ore 
particles. An environment is then created where breakage by attrition and by 
compression is more prevalent with less-to-no impact breakage. Here, attrition is due 
to the rubbing of ore particles between grinding balls as shown in Figure 1.1. 
Compression, on the other hand, is generated by the weight of the media charge 
applied against the mill shell with particles caught between balls and shell. As mill 
speed is increased, a fraction of the media charge is thrown in the air in free-fly motion 
before landing around the lower region of the cascading load or toe (See Figure 1.2). 
This is known as the cataracting motion of the media charge responsible for impact 
breakage. Note that the abrasion zone indicated in Figure 1.2 represents the zone of 
the cascading media charge experiencing breakage by abrasion. The reason for this is 
that the terms abrasion and attrition have been used loosely and interchangeably in 
several textbooks and references (Kelly and Spottiswood, 1982; King, 2001; Wills and 
Napier-Munn, 2005). 
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Figure 1.2 Motion of the media charge of a ball mill with the abrasion zone referring 
to the cascading zone of attrition breakage (Wills and Napier-Munn, 2005) 
A further gradual increase in rotational speed incurs increasing cataracting and 
decreasing cascading. Eventually, the charge tends to cling on the mill wall in what is 
referred to as a centrifuging motion of the charge. The theoretical speed at which one 
grinding ball gets stuck against the mill shell is known as the critical speed. The 
rotational speed of a ball mill is generally quoted as a fraction of the critical speed. 
It is evident from the above that mill speed plays a big role in the internal motion of 
the charge and hence towards breakage. At low speeds or speeds below 50% of the 
critical speed, attrition and compression are prevalent with high production of fine 
particles. For high speeds or speeds above 90% of critical, no breakage occurs due to 
the centrifuging charge. Note that ball mills in the minerals industry are commonly 
operated between 65% and 90% of critical where impact breakage is considered to 
be the highest. This research intends to ascertain whether low speeds can yield any 
benefit in terms of energy consumption as a result of attrition and compression 
breakage. 
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1.2 Statement of the research problem 
Ball milling is notoriously known to be an energy-inefficient process with high levels 
of energy consumption for limited output (Bouchard et al., 2017). As a result, many 
efforts have been made to optimize various parameters that influence efficiency. 
Factors affecting ball milling performance include rotational speed, slurry density, ball 
size, ball shape, liner profile, and mill operational design to name a few. The rotational 
speed has been identified among these factors as a key parameter that can 
substantially influence the efficiency of a ball mill (Charkhi et al., 2010; Frances et al., 
1996). 
The effects of mill speed on breakage have been extensively studied and modelled 
between 50% and 90% of critical (Austin et al., 1984; Deniz, 2013; Petrakis et al., 
2017). Yet, it is in this speed range commonly used in mineral processing that mills 
have been reported to be inefficient. While near-centrifuging speeds above 90 % of 
critical produce no grinding, mills run at low speeds can still achieve breakage by 
attrition and compression. The latter conditions may require prolonged milling time 
before sufficient fine particles are produced. However, it is to be established whether 
meaningful breakage can be incurred without limited use of energy. It becomes 
therefore crucial to understand the relationship between breakage and energy 
consumption at a low rotational speed. In this dissertation, the breakage rate of UG2 
a platinum-bearing ore in a batch mill was investigated. The endeavour is expected to 
provide answers to how energy is expended during breakage by attrition and 
compression. 
 
1.3 Aim and objectives of the research 
The aim of this dissertation is primarily to evaluate the effects of mill speeds below 
50% of the critical speed on the grinding kinetics of a platinum-bearing ore known as 
5 
 
UG2. The need for the research stems from the limited availability of literature on 
milling at low rotational speeds. And since power drawn by a ball mill increases with 
the rotational speed before dropping at near-centrifuging speeds (Gupta et al., 2006), 
there may be economic and energy incentives to operate ball mills at low speeds. 
However, the effort required to achieve the target grind should be established. 
The three key research objectives pursued in line with the abovementioned aim of 
the study are as follows: 
• Monitor the milling kinetics of the UG2 ore under batch conditions at selected 
speeds below 50% of critical using the one-size-fraction method. 
• Determine the breakage and selection function parameters of the UG2 ore 
from the batch grinding data collected. 
• Estimate the performance of the batch mill at the selected speeds in terms of 
energy expenditure and quality of the final grind. 
It is important to point that the UG2 ore was selected for use in experimental batch 
test work. This platinum-bearing ore is found in South Africa in the Upper Group 2 
reef or UG2 for short. The UG2 is one of the platinum-rich layers of the South African 
Bushveld Complex; it accounts for 60% of platinum reserves (Cawthorn, 1999). 
However, a lot of energy is required to liberate the ore from the rock matrix and reach 
a fineness of about 80% passing 75 µm (Wills and Napier-Munn, 2005). This is the 
main reason that motivated the use of the UG2 ore for experimental testing. As such, 
it is hoped that the benefits of low-speed-operated mills may further be explored for 
the efficient recovery of platinum group metals (PGMs). Note that the phrase “low 
speed” has been used in this dissertation to refer to fractional speeds below 50% of 
the critical speed. 
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1.4 Research questions 
A lot of work has been reported on batch milling under industrially accepted 
conditions (Austin et al., 1984; Petrakis et al., 2017; Tangsathitkulchai, 2003). 
However, little has been reported on unusual operating conditions such as low 
rotational speeds. Yet, low speeds may have the advantage of fine milling with 
associated low energy consumption (Metzger et al., 2011). It is in line with this that 
the following research questions were formulated: 
• How does the low rotational speed of a ball mill affect the breakage kinetics 
of the ore? 
• Can the linear time population balance model be used and extended to 
applications involving ball mills operated at low speeds? 
A secondary aspect resulting from the research questions above has been that of 
looking at how efficient milling is at low speed. The widely accepted size-specific 
energy (SSE) was used as an indicator of energy efficiency in tumbling mills (Ballantyne 
et al., 2014). A cut-off grind size set at 75 µm was considered in line with the product 
size specifications of UG2 ore in the South African industry. In doing so, it was possible 
to investigate energy consumption while accounting for the final grind size. In the end, 
a comparison was done to determine whether energy is better utilised when breakage 
is done by attrition and compression than when impact breakage is predominant. 
 
1.5 Layout of the dissertation 
The present research is organised in six chapters starting with chapter one being the 
introduction. It comprises background, research problem, research questions, aim 
and objectives of the study. 
The literature review is given in chapter two. Factors affecting ball mill performance, 
milling kinetics modelling, the power draw of ball mills and ball mill benchmarking are 
7 
 
covered in this chapter. It was noted from the literature review that limited work has 
been done on the effects of mill speed on the breakage behaviour of UG2 ore 
specifically at low speeds. 
Chapter three describes in details the materials, equipment and method used to 
conduct the experiments. A great deal is devoted to presenting the batch grinding 
tests carried out following standard experimental protocols. Difficulties encountered 
during laboratory work are finally stated. 
Chapter four features the full description of the results and logical explanation of the 
obtained results. Population balance model is used as an approach to the analysis of 
batch grinding data. The UG2 ore is characterised in terms of breakage rate and 
breakage function parameters. 
Chapter five covers the discussion of the results and the significance of the findings. 
Milling performance is reported in terms of the so-called “size-specific energy” and 
grind. 
Chapter six is a wrap-up of the research providing concluding remarks and 
recommendations for future work. 
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Chapter 2 Literature review 
 
2.1 Introduction 
Comminution is a term used in mineral processing for ore size reduction. The main 
purpose of comminution is to liberate valuable minerals from the gangue minerals. In 
nature, minerals are usually found locked inside the rocks hence the need to be 
liberated. Comminution is generally done in two stages: crushing and milling. Wills 
and Napier-Munn (2005) defined crushing as “the first stage in the process of 
comminution and milling as the last stage”. 
A milling system is classified based on the grinding media employed in its operation 
or according to the motion of its charge. In terms of grinding media used, a mill can 
be classified as ball mill, rod mill and autogenous mill based on the use of the ball, rod 
and coarse rocks as grinding tools (grinding media). In terms of charge motion, a mill 
can be classified as tumbling or stirred mill. In a tumbling mill, the mill shell is rotated 
whereas, in a stirred mill, the mill shell is stationary while a motion is imparted to the 
charge by the movement of an internal stirrer. The other types of mills include 
vibratory, centrifugal, table and roller mills. For the purpose of this study, the ball mill 
is employed. 
A ball mill is an example of a tumbling mill system; it exists in different sizes from 
laboratory scale to industrial scale. Its function may be regarded as the most 
important in the comminution process since it is usually required at the final stage of 
ore grinding. Several factors affect ball mill efficiency. These are discussed in the next 
section. The performance of a mill can be determined by the energy that it is using 
and the efficiency of breakage. In mineral processing, this is known as a high energy-
consuming vessel. Population balance model (PBM) is recently used as a technique to 
evaluate the performance of mills. It uses the concept of breakage function and 
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selection function. This chapter covers factors affecting mill performance, modelling 
breakage mechanisms of the particles, the power draw of ball mills and benchmarking 
ball mill performance. 
 
2.2 Factors affecting milling performance 
Several factors influence the efficiency of a ball milling. These include ball filling 
(Deniz, 2012 & 2016) and powder filling (Deniz and Onur, 2002; Tangsathitkulchai, 
2003), critical speed (Mulenga and Moys, 2014; Deniz, 2004), slurry concentration 
(Tangsathitkulchai, 2003; Mulenga et al., 2016) and ball size (Cho et al., 2013; Erdem 
et al., 2009). In this section, we are going to discuss ball filling, powder filling, ball size, 
mill rotational speed, feed size distribution and slurry density. 
 
2.2.1. Ball filling 
Ball filling is one of the most influential factors that affect the performance of a mill. 
It refers to the volume occupied by the bulk ball charge at rest in a mill including about 
40% of this volume taken by the void space between balls (Frances et al., 1996; Austin 
et al., 1984). Ball filling, J, is defined as the fraction of the volume of the bulk media 
charge to the volume of the mill (Austin et al., 1984; Zhao et al., 2017). The following 
formal definition applies to ball filling: 
𝐽 =
𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑏𝑎𝑙𝑙𝑠
𝐼𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑚𝑖𝑙𝑙
 
1
1−0.4
      (2.1) 
The tumbling action and the rate of breakage depend on how much the mill volume 
is filled by the balls. For efficient milling, ball volume is usually 40 – 45% of the internal 
mill volume (Wills and Finch, 2015) 
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2.2.2. Powder filling 
The fraction of the mill filled by the powder bed, 𝑓𝑐 , is given by (Austin et al., 1984): 
𝑓𝑐 =
𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑝𝑜𝑤𝑑𝑒𝑟
𝐼𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑚𝑖𝑙𝑙
      (2.2) 
On the other hand, the ratio of the volume of powder to the volume of the grinding 
media at rest is known as powder filling, U. To relate powder loading to ball loading, 
the bulk volume of powder is compared to the formal porosity of the ball bed as 
follows (Deniz and Onur, 2002): 
𝑈 =
𝑓𝑐
0.4 𝐽
         (2.3) 
Thus, powder filling, U, is the volumetric fraction of space between grinding balls at 
rest (assumed to be 0.4) that is filled or occupied by powder (Austin et al., 1984). 
Powder filling should not be under-filled or overfilled. When under-filled, leads to 
steel to steel conduct resulting in high energy consumption and the wearing of mill 
shell and grinding media, and when overfilled leads to powder cushioning which 
decrease the efficiency of breakage. Austin et al. (1984) recommended powder filling 
between 0.6 and 1.0 to be the most efficient in ball milling. 
 
2.2.3. Ball size 
The diameter and shape of grinding balls have been reported to have a profound 
influence on milling efficiency (Cho et al., 2013; Simba and Moys, 2014). The efficiency 
of grinding depends on the surface area of the grinding medium. Ball size 
commercially available for charging in grinding mills range from 10 mm to 150 mm. 
Determining the size of balls to be charged depends on the required size of the 
product, large balls for the coarse size and small balls for fine size (Cho et al., 2013). 
Usually, a range of sizes is added, which has been found to produce better grinding 
efficiency than single-sized balls (Cho et al., 2013). By so doing, the space between 
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the larger balls is filled with smaller sized balls which promote grinding efficiency. The 
charge should be graded such that the largest balls are just heavy enough to grind the 
largest and hardest particles in the feed. 
 
2.2.4. Rotational speed 
It is common practice in the mining industry to rate the rotational speed of a mill as a 
fraction of its critical speed. The critical speed is the theoretical speed at which a single 
ball loaded into the mill starts to stick against the mill wall. It is calculated in 
revolutions per minute (rpm) as follows (Austin et al., 1984): 
𝑁𝑐 =
42.3
√𝐷−𝑑
                   (2.4) 
Where D is the diameter of the mill in meters and d is the diameter of the largest ball 
loaded to the mill in meters. 
The speed at which a mill runs is important since it governs the nature of the product 
and the wear rate experienced by the shell liners as well as the grinding balls. The 
tumbling action inside the mill also depends on mill speed. Gupta and Yan (2006) were 
able to argue that in practice mills should be driven at 50 – 90% of the critical speed 
with the choice being influenced by economic considerations. 
 
2.2.5. Feed size distribution 
The effect of particle size has been investigated as one of the factors affecting the 
breakage characteristics of the material (Tavares and king, 1998). It has been 
observed that bigger particles break more easily than small particles. The low strength 
in large particles is due to the flaws, pores and grain boundaries that are found. The 
number of flaws decreases with decreasing particle size. The larger the flaw, the 
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smaller the force or energy required to crack the particle. The findings were confirmed 
by Tavares and King (1998) as seen in Figure 2.1. 
 
Figure 2.1 Variation of median particle fracture energy with particle size for various 
materials (Tavares and King, 1998) 
It is clear that the energy needed to break particles decreases with increasing particle 
size. This suggests that energy has to be increased in order to break finer particles. 
 
2.2.6. Slurry density 
The slurry density or slurry concentration of the feed should be such that it exhibits 
features that show the consistency of ease of flow through the mill. Highly dense 
slurry causes decrease in size reduction efficiency (Frances et al., 1996) while too 
dilute slurry may cause the metal to metal contact, resulting in high steel ball 
consumption and reduction in efficiency. To mitigate all the above, ball mills should 
operate between 65% and 85% solids by weight depending on the ore to achieve good 
grinding efficiency (Tangsathitkulchai, 2003). 
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2.3 Modelling framework of ball milling 
The discrete-size continuous-time “Population Balance Model” (PBM) is rate-mass 
balance model which has found extensive use in simulation, control and optimisation 
of various particulate processes. It has been proven to be an excellent tool in 
comminution process for prediction and simulation of the evolution behaviour of the 
particle size distribution (Austin et al., 1984; Chimwani et al., 2014; Petrakis et al., 
2017; Zhao et al., 2017). The PBM can also elucidate the breakage mechanisms such 
as massive fracture, cleavage and attrition (Bilgili et al., 2004). PBM is employed in the 
creation of batch grinding equations. The selection function and breakage distribution 
function are the two common grinding kinetics functions used for the construction of 
the batch grinding equation. The parameters for the breakage rate define the rate at 
which a material is broken out of a given quantized size class, while the parameters 
for the breakage distribution characterize the fraction of the primary breakage output 
in the feed size class j which appears in the interval 𝑖 of the smaller size class. Several 
size intervals described by a √2 screen sequence define the range of particle size class 
of interest from the top size interval 1 to the sink which refers to the nth interval. 
 
2.3.1 Batch milling equation 
In preparation of a batch grinding, a mono-sized feed particle is prepared to evaluate 
the breakage kinetics. The procedure is known as the one-size-fraction method 
(Austin et al., 1984). In this method, the top size of the starting feed charge is kept 
constant and milled at a time 𝑡1, then particle size distribution analysis performed by 
sieving and weighing. The same sample is then returned for milling at time 𝑡2 and re-
analysed and so on. In so doing, the disappearance rate of the feed size particles j is 
monitored and the appearance of product size distribution 𝑖 is determined which is 
said to be performing rate-mass balance. 
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It is widely accepted that milling follows a first-order kinetics similar to chemical 
reactor design for size class j defined between two successive screens 𝑥𝑗+1 (upper 
screen) and 𝑥𝑗 (lower screen) (Ipek et al., 2005; Matija et al., 2010; Acar et al., 2013; 
Petrakis et al., 2017). In other words, the rate of breakage of particles of size j is 
proportional to the mass 𝑀𝑗 in the size class j (Austin et al., 1984): 
𝑑𝑀𝑗(𝑡)
𝑑𝑡
= −𝑆𝑗𝑀𝑗(𝑡)        (2.5) 
Where 𝑀𝑗(𝑡) is the mass fraction of size j particles in the mill feed at grinding time t 
and 𝑆𝑗 is the specific rate of breakage of size j. If 𝑆𝑗 is constant during the course of 
grinding, the breakage is said to be ‘‘first order’’ (Austin, 1972). The integrated 
equation is given as: 
𝑀𝑗(𝑡) = 𝑀𝑗(0)𝑒
[−𝑆𝑗𝑡]        (2.6) 
Therefore, a plot of log 𝑀𝑗(𝑡) versus t should give a straight line, if grinding proceeds 
in a first-order manner and the rate of breakage 𝑆𝑗 , can be determined from the slope 
of the plot (Austin et al., 1972). The relationship is illustrated in Figure 2.2. 
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Figure 2.2 Illustrations of first-order plots for batch dry grinding of single-sized 
fractions copper and quartz ore. Experimental conditions: J = 0.3; U = 1.0; 
d = 25.4 mm; 𝜙𝑐  = 0.70 of critical speed (Tangsathitkulchai, 2002) 
Figure 2.2 shows the breakage kinetics of dry grinding quartz and copper ore with 
their respective mono-sized feed breaking in a first-order manner. It can be seen that 
the straight line is produced and the rate of breakage can be determined by the slope 
of the line considered to be constant. 
Another important breakage parameter is known as “the primary breakage 
distribution”, 𝑏𝑖,𝑗, which is the set of daughter fragments produced by the first 
breakage of size j. The breakage function has to be analysed at a short grinding time 
before re-breakage of these products (Austin et al., 1984). Thus, 
∑ 𝑏𝑖,𝑗
𝑗+1
𝑖=𝑛
= 1, 𝑖 > 𝑗        (2.7) 
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By performing a rate-mass balance or population balance on material in size interval 
j present at time t in a mill, 
𝑑𝑀𝑖(𝑡)
𝑑𝑡
= −𝑆𝑖𝑀𝑖(𝑡) + ∑ 𝑏𝑖,𝑗𝑆𝑗𝑀𝑗(𝑡),   
𝑖−1
𝑗=1
 𝑛 ≥ 𝑖 ≥ 𝑗.   (2.8) 
Equation (2.8) is the typical batch grinding equation usually refers to as the “basic 
rate-mass balance” for a first-order grinding system. The net rate of the production 
of size 𝑖 material equals to the sum rate of the appearance of all larger sizes minus 
the rate of its disappearance by breakage. The solution to this set of differential 
equations provides a prediction of the product size distribution at various grinding 
times, provided the starting feed size mass 𝑀𝑗(0), for given values of 𝑆𝑗  and 𝑏𝑖,𝑗 
(determined experimentally) is known. 
 
2.3.2 Non-linear breakage kinetics 
The deviation of first-order breakage is observed in some cases (Herbst et al., 1973; 
Austin et al., 1984; Gupta, 1987; Tangsathitkulchai and Austin, 1985; Fuerstenau et 
al., 1990; Rajamani and Verma, 1991), therefore, non-linear equation of the 
population balance was determined to describe the breakage (Tangsathitkulchai, 
2002; Austin and Bagga, 1981; Bilgili and Scarlet, 2005). Bilgili and Scarlet (2005) 
introduced the acceleration-deceleration parameter (k) in the disappearance rate 
Equation (2.6) to explain the deviations. The non-first-order model was expressed as: 
𝑀𝑗(𝑡) = −𝑀𝑗(0)𝑒
[−𝑆𝑗𝑡(1+𝑘𝑡/2]      (2.9) 
The factor k = 0 for normal first-order grinding; k > 0 for grinding with acceleration 
effect; and k < 0 for grinding with deceleration effect. 
The first-order kinetics is not a fixed law, like in chemical reaction engineering. One 
can use the nth-order kinetics as opposed to first-order kinetics (Fogler, 1992). In the 
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case where material consists of fast and slow breakage, is considered as second- order 
law and can be formulated as follows (Austin et al., 1977): 
𝑀𝑗(𝑡) = 𝑀𝑗(0)𝑒
[−𝑆𝑗,𝑠𝑙𝑜𝑤(𝑡)]+ [1 − 𝑀𝑗(0)]𝑒
[−𝑆𝑗,𝑓𝑎𝑠𝑡(𝑡)]  (2.10) 
Where 𝑀𝑗(𝑡) is the mass fraction retained at top sieve class after breakage at time t, 
𝑀𝑗(0) is mass before breakage, 𝑆𝑗,𝑠𝑙𝑜𝑤  and 𝑆𝑗,𝑓𝑎𝑠𝑡  is the rate of breaking material at 
slow and fast breakage region respectively. 
Austin et al. (1984) suggested that if the degree of first-order deviation is not large, 
the effective mean rate of breakage can be defined. It is determined by finding the 
time required to break 95% of the feed material and substitute it in Equation (2.6) to 
calculate the value of the selection function. 
 
Figure 2.3 Illustrations of deviation of first-order law for batch grinding at various 
slurry concentrations. Experimental conditions: J = 0.3; U = 1.0; d = 25.4 
mm balls; and 𝜙𝑐  = 70% of critical (Tangsathitkulchai, 2002) 
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Figure 2.3 illustrates the deviation of first-order breakage. Acceleration or 
deceleration of the breakage rate occurs depending on the grinding conditions such 
as operating parameters and material properties. The plots of the first-order for wet 
grinding quartz over varying slurry concentrations are shown. According to Figure 2.3, 
it can be seen that the breakage of the top size fraction strays from the typical first-
order postulation, the specific breakage rate being accelerated as the size becomes 
smaller. However, at higher concentrations of the solid, the extent of the rate of 
acceleration seems to reduce. This explains the deceleration in the specific breakage 
rate when the concentration of the slurry becomes very high. 
 
2.3.3 Selection function 
When a ball mill is operated in a batch mode, it is compared to a closed reactor in 
which none of the material is going in or out during the grinding process, resulting in 
all material contained in the mill being exposed to equal grinding time. The fractions 
of the material that will be broken per unit time represent the rate of breakage or the 
selection function (𝑆𝑗). 
The selection function has also been shown to be dependent on the particle size. 
Figure 2.4 shows the variation of rate of breakage with particle size 𝑥𝑗+1 (the upper 
size of the j class interval) consisting of single size feed. 
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Figure 2.4 Variation of the rate of breakage with feed size for various ball diameters 
(Austin et al., 1984) 
Equation (2.12) below is used to describe the observation in Figure 2.4 (Ipek et al., 
2005; Petrakis et al., 2017): 
𝑆𝑗(𝑡) = 𝑎0 (
𝑋𝑗+1
𝑋0
)
𝛼
𝑄𝑖        (2.12) 
Where 𝑎0 is the specific rate of breakage at the standard size 𝑋0 = 1 mm; 𝑋𝑗+1 is the 
upper limit of size class j; 𝛼 is a parameter characteristic of the material milled. 𝑄𝑖 is 
the correction factor which is 1 for small particles (i.e. normal breakage) and less than 
1 for the particles too large to be fractured by grinding media (i.e. abnormal 
breakage). It can be estimated as follows: 
𝑄𝑖 =
1
1+(
𝑋𝑗+1
𝜇
)
Λ         (2.13) 
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With 𝜇 being a parameter dependent on milling conditions while Λ is a material-
dependent parameter showing how rapidly the breakage rate decreases with particle 
size. 
The value of 𝛼 is a positive value, normally in the range 0.5 to 1.5 providing the test 
condition are in the normal operating range but the value of 𝑎0 varies with milling 
conditions (Austin et al., 1984). 
It is shown in Figure 2.4 that the breakage rate (𝑆𝑗) increases with size and starts to 
decrease for larger sizes. The maximum occurs in the rate of breakage because as the 
particles get larger, they are difficult to be nipped by the balls. For large sizes, it was 
found that the disappearance of material from given top size interval j is often not 
first order, but appears to have faster initial rate and slower following rate. It might 
be argued, however, that the increased breakage rate of the top size particles might 
be associated with the change in breakage mechanism probably due to the top size 
fraction becoming weaker as grinding proceeds. We refer to the first-order breakage 
of fine material as normal breakage and non-first-order breakage of large particles as 
abnormal breakage. 
It has also been shown by many researchers that the breakage rate of a given size 
fraction changes with mill design and operating conditions (Oliveira and Tavares, 
2018; Mulenga et al., 2016; Chimwani et al., 2014). In that case, Equation (2.12) and 
can be generalised as (Herbst and Fuerstenau., 1980): 
𝑆𝑗 = 𝑎0𝑇(𝑋𝑗+1)
𝛼 1
1+(
𝑋𝑗+1
𝐶1 𝜇𝑇
)
ᴧ 𝐶2 𝐶3 𝐶4 𝐶5      (2.14) 
Where: 𝐶1 = (
𝐷
𝐷𝑇
)
𝑁2
(
𝑑
𝑑𝑇
)
𝑁3
       (2.15) 
𝐶2 = (
𝑑𝑇
𝑑
)
𝑁0
         (2.16) 
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𝐶3 = (
𝐷
𝐷𝑇
)
𝑁1
 , 𝐷 ≤ 3.81 𝑚 or 𝐶3 = (
3.81
𝐷𝑇
)
𝑁1
(
𝐷
3.81
)
𝑁1−𝑁4
, 𝐷 > 3.81 𝑚 (2.17) 
𝐶4 =
1+6.6(𝐽𝑇)
2.3
1+6.6(𝐽)2.3
exp[−𝑐(𝑈 − 𝑈𝑇)]      (2.18) 
𝐶5 = (
𝜙𝑐−0.1
𝜙𝑐𝑇−0.1
) (
1+exp [15.7∗(𝜙𝑐𝑇−0.94)]
1+exp [15.7∗(𝜙𝑐−0.94)]
)     (2.19) 
Equation (2.14) allows prediction of scale up selection function parameters of feed 
particle size class j based on batch laboratory data. Terms 𝐶1 to 𝐶5 in Equations (2.15) 
to (2.19), are correction factors applied during scale-up. In the full-scale mill, 𝐷 is the 
mill diameter, d is the ball diameter, 𝐽 the fractional mill filling, U is the powder filling, 
and 𝜙𝑐  is the fractional speed. Correspondingly, parameters 𝐷𝑇, 𝑑𝑇, 𝐽𝑇, 𝑈𝑇, and 𝜙𝑐𝑇 
represent the batch grinding conditions used in Equation (2.14). The parameter c 
contained in the expression for 𝐶4 is usually taken to be equal to 1.2 for dry milling 
and 1.32 for wet milling (King, 2001), it is accounting for the changes from laboratory 
dry milling to industrial wet milling and Austin et al. (1984) proposed the value of c  = 
1.32 to be adequate when scaling up batch grinding data to wet full-scale milling. 
Exponent factors 𝑁0, 𝑁1, and 𝑁2 reflect the change in mill diameter and ball size from 
batch to full-scale milling; their default values are 1, 0.5, and 0.2 respectively. 
Parameter 𝑁3 serves for the effects of ball diameter and has a default value of 2. Its 
value has been argued to depend on the material used (Kelsall et al., 1968; Yildirim et 
al., 1999; Austin et al., 2007; Napier-Munn et al., 1999; Katubilwa and Moys, 2009). 
Parameter 𝑁4 represents the adjustment needed to account for larger mills; its 
default value is 0.2 (Austin and Klimpel, 1984). 
 
2.3.4 Breakage function 
Breakage function is defined as the weight fraction of broken products from size 
interval j which appears in size range 𝑖 on primary fracture, i.e., before re-breakage of 
these products (Austin et al., 1984). In this approach, it is assumed that particle size 
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reduction is a sum of a recurring breakage. The breakage or appearance function is 
used to describe the distribution of sizes produced after a single step of breakage of 
a particle. Consequently, the comparative distribution of each size fraction after the 
breakage is recognized as a full depiction of the product. The primary breakage 
distribution functions of a particle of size j to size 𝑖 are defined as follows (Austin et 
al., 1984): 
𝑏𝑖,𝑗 =
𝑀𝑎𝑠𝑠 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑓𝑟𝑜𝑚 𝑐𝑙𝑎𝑠𝑠 𝑗 𝑏𝑟𝑜𝑘𝑒𝑛 𝑡𝑜 𝑠𝑖𝑧𝑒 𝑖
𝑀𝑎𝑠𝑠 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠 𝑗 𝑏𝑟𝑜𝑘𝑒𝑛
   (2.23) 
The fragments produced after a breakage event are mixed into a bulk of the powder 
and then return for breakage, in turn have a probability of being re-fractured. It is 
convenient to represent the set of primary daughter fragments, from breakage of size 
j as cumulative form (Austin et al., 1984): 
𝐵𝑖,𝑗 = ∑ 𝑏𝑘,𝑗
𝑖
𝑘=𝑛
        (2.24) 
So that 𝑏𝑖,𝑗 = 𝐵𝑖,𝑗 − 𝐵𝑖+1,𝑗         (2.25) 
𝐵𝑖,𝑗 is the sum fraction of material less than the upper size interval 𝑖 resulting from 
the primary breakage of the material of size j. Austin et al. (1984) have shown that 
the value of 𝐵𝑖,𝑗 can be estimated from a size analysis of the product from a short 
grinding time of a starting mill charge predominantly in size j. This is summarised in 
what is known as the BII-method as follows: 
𝐵𝑖,𝑗 =
log [(1−𝑃𝑖(0))]/log [(1−𝑃𝑖(𝑡))]
log [(1−𝑃𝑗+1(0))]/log [(1−𝑃𝑗+1(𝑡))]
,          𝑛 ≥ 𝑖 ≥ 𝑗 + 1   (2.26) 
Where 𝑃𝑖(𝑡) is the fraction by weight in the mill charge less than size 𝑋𝑗 at the short 
grinding time 𝑡. The breakage function 𝐵𝑖,𝑗 is commonly described using the following 
empirical function (Austin, 1972): 
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𝐵𝑖,𝑗 = Ф𝑗 (
𝑋𝑖−1
𝑋𝑗
)
𝛾
+ (1 − Ф𝑗) (
𝑋𝑖−1
𝑋𝑗
)
𝛽
      (2.27) 
Where Ф𝑗 =  Ф1 (
𝑋𝑖
𝑋1
)
−𝛿
       (2.28) 
and 𝛿, Ф𝑗, 𝛾, and 𝛽 are curve-fitting parameters dependent on the ore type (Teke et 
al., 2002; Ipek et al., 2005; Petrakis et al., 2017). There are also collectively known as 
the breakage function parameters. 
Parameter Ф𝑗 is the intercept at (
𝑋𝑖−1
𝑋𝑗
)
𝛾
= 1 (see Figure 2.5 for reference); it 
represents the fraction of fines that are produced in a single fracture event. 
Parameter 𝛾 is the slope of the lower section of the 𝐵𝑖,𝑗 curve and 𝛽 is the slope of 
the steeper section of the 𝐵𝑖,𝑗 curve as shown in Figure 2.5 (Austin et al., 1984). 
 
Figure 2.5 Primary breakage distribution function parameters for mono-sized feed 
fraction ground in the mill (Ipek et al., 2005). 
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The breakage function parameters do not need any scale-up if the material is 
considered normalisable, that is, if the parameter Ф𝑗 = Φ is constant for all breaking 
sizes (Austin et al., 1984). 
 
2.3.5 Effects of rotational speed on ball milling 
Many researchers have investigated the effects of speed on breakage behaviour of 
ores in ball mills (Gupta and Sharma, 2014; Austin et al., 1984; Deniz., 2013; Deniz, 
2004; Ozkan et al., 2009; Fuerstenau., 1978). Breakage parameters are compared with 
a fraction of critical speed to evaluate the effect of speed on breakage rate. Milling 
conditions such as mill speed are usually compared with selection function 
parameters since for normalised material the breakage function parameters are not 
affected by changing mill operating conditions (Austin et al., 1984). Figure 2.6 shows 
the variation of the rate of breaking dolomite sample with a fraction of mill critical 
speed obtained by Fuerstenau (1978). 
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Figure 2.6 Variation of breakage rate with mill speed. Experimental conditions: D = 
0.255 m, d = 25.4 mm, J = 0.5, and U = 1.0 (Fuerstenau, 1978) 
It can be seen that selection function increases with mill speed and peaks around 75% 
of critical; this is followed by a drop. Ball mills have been experimentally found to be 
efficient at 75% of critical (Austin et al., 1984; Gupta and Sharma, 2014; Herbst and 
Fuerstenau, 1972). 
Deniz (2004) also investigated the effects of speed on milling rate using limestone and 
clinker ore. Six mono-sized fractions were prepared and dry-ground in batch mode in 
a laboratory-scale mill. The speed of the mill varied between 55% and 95% of critical 
and milling was done for the various times between 1 and 18 min. The following 
testing conditions were maintained: ball size d = 25 mm; ball filling J = 20%; and 
powder filling U = 52.5%. His reported findings are summarised in Figures 2.7 and 2.8 
where breakage rate is plotted as a function of mill speed and particle size 
respectively. 
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Figure 2.7 Specifics rate of breakage of limestone ore as a function of feed size for 
various speeds. Experimental conditions: D = 200 mm, d = 25 mm, J = 20%, 
U = 0.525 (Deniz, 2004) 
 
Figure 2.8 Specifics rate of breakage of clinker ore as a function of feed size for 
various fraction of critical speed. Experimental conditions: D = 200 mm, d 
= 25 mm, J = 20%, U = 0.525 (Deniz, 2004) 
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It can be seen from Figures 2.7 and 2.8 that the rate of breakage increases with speed 
for every size fraction considered and at all speeds. Unlike the consensus, Deniz (2004) 
found that optimum grinding occurs at 85% of the critical speed. 
 
2.4 Theoretical power draw of a ball mill 
Austin et al. (1984) defined power draw as “the energy expended per unit time to 
cause motion of charge in a mill”. In comminution progressions, the power draw of a 
mill is one of the essential parameters to consider for its efficient operation (Datta et 
al., 1999). Power required depends on the hardness of the material, the feed size and 
final product size target. Ball mills are one of the greatest energy consumption 
equipment in mineral processing (Bouchard et al., 2017), which leads to high research 
on the effect of operating variables on mill performance. Mill load and rotating speed 
are the most parameters that affect energy consumption in ball mills (Morrell, 2016). 
Figures 2.7 and 2.8 illustrate the effects of mill speed and mill load respectively. The 
highlighted range indicates the usual range used in the industry. It can be seen that 
power drawn increased with speed. However, when the speed gets closer to the 
critical the power consumption starts to drop and material starts to centrifuge 
resulting in no grind. 
It can also be seen from Figure 2.8 that more energy is required as the mass in the 
mill increases. For greater mill performance in terms of energy consumption, mill 
fillings should be kept low in the range of 20% to 45%. 
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Figure 2.9 Variation of the power draw of a ball mill with its rotational speed 
(after Kelly and Spottiswood, 1982) 
 
Figure 2.10 Effects of mill filling on the power draw of a ball mill 
(after Kelly and Spottiswood, 1982) 
The mill power can be calculated by the following formula (Stamboliadis et al., 2011) 
𝑃𝑛𝑒𝑡 = 9.9. 𝑀. 𝑁. 𝐷         (2.29) 
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Where M is the total mass (kg) of feed material and balls, N is the rotational speed 
(rps), and D is the internal mill diameter of the mill (m). 
The energy consumed by the mill is proportional to the time t and is given by: 
𝐸 = 𝑃. 𝑡          (2.30) 
Where Pnet is the net power of the mill (W) estimated using Equation (2.29), t is the 
grinding time (s) and E is the net energy (J) consumed after grinding time t. 
In past years, several researchers have developed models for the prediction of the 
power draw of a ball mill system. These include Hogg and Fuerstenau (1972); Arbiter 
and Harris (1982); and Morrell (1996). In the present dissertation, only Morrell’s 
model of mill power draw is briefly presented owing to its accuracy. 
The development of Morrell’s power draw is based on empirical data from several 
industries mills. The theoretical model is regarded as the reference in comminution 
research despite its complexity (Napier-Munn et al., 1999). 
In Morrell’s power model, an angular ring was used to represent the region of the mill 
charge which drew power (Figure 2.11). The latter represented the rising bulk charge 
of the mill, neglecting cascading and cataracting material. The active zone of charge 
is assumed that it occupies the space between an inner radius and the mill radius. The 
extent of this zone is limited by the toe and shoulder of the charge. The power draw 
of a mill is given by (Morrell, 1996): 
𝑃 = 2𝜋𝑔𝐿𝑝 ∫ ∫ 𝑁𝑟𝑟
2𝑐𝑜𝑠𝜃 𝑑𝜃 𝑑𝑟
𝜃𝑠
𝜃𝑇
𝑟𝑚
𝑟𝑖
      (2.31) 
Where 𝑔 is gravitational acceleration; L is the mill length; 𝑝 is the bulk density of the 
charge; 𝑁𝑟 is the angular speed of a mill; 𝑟𝑖 is the inner radius of the ball charge; 𝑟𝑚 is 
the internal radius of the mill, 𝜃𝑇 and 𝜃𝑠 are the toe and shoulder of the ball media 
charge respectively. 
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Figure 2.11 Load behaviour of a ball mill used in the derivation of Morrell’s 
theoretical power model (Morrell, 1996) 
Equation (2.29) works well at speeds below 60% of critical whereas Morrell’s will be 
required for cataracting speeds (above 60% of critical). 
 
2.5 Benchmarking the performance of ball mills 
Benchmarking is the process of comparing one organization’s processes and 
performance metrics to best practices from other organizations. The parameters 
usually measured are the quality, time, energy and cost. To achieve an effective 
benchmark, a clear understanding of what to be measured and how to measure it 
must be well-defined. 
In ball mill comminution, cost due to energy expenditure is one of the major criteria 
used for benchmarking performance (Fuerstenau, 2002; Rosa et al., 2014). This is 
because comminution by ball mill systems involves high energy expenditure. Single-
particle size breakage, drop weight test, bond work index, and grind curves are the 
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techniques characterising material breakage properties and these are briefly 
reviewed below. 
 
2.5.1 Single-particle breakage 
Breakage of particles in ball mills is a complicated task. There are complex interactions 
inside a mill in operation. This makes it difficult to analyse the breakage characteristic 
of particles, as a result, single particle test methods were implemented (Tavares, 
2007). The mechanism of the particle breakage process is understood from single-
particle fracture analyses. 
The drop weight test is an example of a single impact and is one of the common 
methods used for investigating breakage characteristics of materials (Tavares, 2007). 
In this test method, a particle is placed and mounted on a steel plate and subjected 
to a tensile force by dropping a stopper from a height to impact it. From the balance 
of the detachment force and adhesive force for a critical particles size, the interfacial 
specific energy is calculated (Zafar et al., 2014). A schematic diagram of the drop 
weight tester is shown in Figure 2.12. 
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Figure 2.12 Drop weight tester (Tavares, 2007) 
The input energy 𝐸𝑖 transferred to the particle by dropping a weight from a certain 
height is given by: 
𝐸𝑖 = 𝑀𝑏𝑔ℎ𝑜         (2.32) 
Where 𝑀𝑏 is the mass of the drop weight and ℎ𝑜 is the drop height, that is, the 
distance between the bottom of the drop weight and the top of the particle. 
Assuming the kinetic energy of a weight before impact is equal to the available 
potential energy before the weight is released. This kinetic energy is transferred to a 
particle and breaks it to produce the progeny particles. The latter are collected for the 
determination of product size distribution. The drop weight tester can be used to 
determine the breakage and energy utilisation parameters for comminution 
modelling. This, however, is beyond the scope of this research work. 
Slow compression is another particle breakage test method. In this case, a particle is 
pressed between two objects. The tests are conducted using single-axis compression 
presses or using the rigidly mounted roll mill (Tavares, 2007). 
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A significant advantage of compression testing over traditional drop weight and 
pendulum (instrumented or not) devices is that the applied forces, and often the 
deformations, can be recorded during the test to determine load–deformation 
profile, and thus several strength-related aspect can be measured. In this regard, 
measures of particular interest are the energy at primary fracture, called particle 
fracture energy, and the total energy absorbed by the particle during the test (called 
comminution energy, 𝐸𝑐). Both can be calculated from direct numerical integration of 
the load-deformation profile. 
𝐸𝑐 = ∫ 𝐹 𝛿Δ𝑐
∆𝑐
0
        (2.33) 
Where 𝐹 is the load applied to the material and 𝛿Δ𝑐 is an infinitely small element of 
the critical deformation ∆𝑐. 
 
2.5.2 Bond work index 
The commonest method used for the evaluation of the performance and 
determination of the power and mill size required for a given material is known as 
Bond’s method. However, over the years, many mathematical models and simulation 
techniques have been developed to improve this technique (Reid, 1965; Austin et al., 
1984).  
Between 1960-1961, Bond described a parameter 𝑊𝑖 as work index in his ‘Third 
Theory of Comminution’. The 𝑊𝑖 exhibits the resistance of a material to size 
reduction. Numerically, the Work index is the kWh per ton required to reduce the 
material from theoretically infinite size to 80% passing 100 μm. The typical Bond’s 
Third Theory is expressed as follows: 
E =
10𝑊𝑖
√𝑥𝑝
−
10𝑊𝑖
√𝑥𝑓
          (2.34) 
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Where E is the specific energy input (expressed in kWh/t); 𝑥𝑝 is the size in mm at 
which 80% of the product passes; and 𝑥𝑓 is the size in mm at which 80% of the feed 
passes. 
 
2.5.3 Grind curves 
The product of a mill responds according to the change in one of the prime operating 
variables, for example, ball filling, slurry concentration and mill speed. The effects of 
the change in the operating conditions on the mill performance have been 
investigated to a great extent for comparative documentation purpose (Mulenga et 
al., 2016; Simba and Moys, 2014; Tangsathitkulchai, 2003). The grind curves may be 
employed for the selection of the correct conditions for significant comparative tests 
(Mwansa et al., 2005). 
The milling curves comprise a throughput curve, power curve, and grind curve as a 
function of mill filling. It is believed that these types of curves 
• can be used to determine the optimum filling for the operations grind and 
throughput requirements. 
• can be used by the mill operator or control system to determine stable regions 
and how to move between fillings. 
• can be done for different ore types to guide operation. 
Figure 2.13 shows one example of excellent grind curves produced from P9N AMIRA 
test work conducted at the AngloGold Ashanti Kopanang site (Mwansa et al., 2005). 
These curves relate the throughput, circuit product and power with mill filling and 
identify their variabilities. 
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Figure 2.13 Example of grind curves (Mwansa et al., 2005) 
In this instance, it is expedient that the mill should be run at a point just close to the 
power peak to provide optimal grind, with a small or negligible sacrifice of the 
throughput.  According to Mwansa et al. (2005), remaining below the power peak 
makes the operational activities more stable.  
The combination of the desired mill load and power-seeking may be used to control 
the mill. However, this type of analysis is preferentially performed on a continuous 
mill and not batch milling. 
 
2.5.4 Size-specific energy 
The size-specific energy (Ei) can be defined as “the energy required to produce new 
particles of a certain size” (Ballantyne et al., 2015). In 2014, Ballantyne and co-workers 
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proposed the size of -75 μm particles as a basis for the estimation of the Ei. In past 
years, several reports have shown linear relationships between the cumulative 
comminution energy consumption and material generated below 75 μm (Hukki, 1979; 
Levin, 1992; Musa et al., 2009; Hilden et al., 2010). The Ballantyne group also 
examined the energy required to break two different types of ores below -75 μm. 
Their findings are shown in Figure 2.14 below (Ballantyne et al., 2015). 
 
Figure 2.14 Illustration of energy required to break particle size to -75 µm 
(Ballantyne et al., 2015) 
According to Figure 2.14, Ballantyne and co-workers were able to prove that the 
percentage grind increases as the cumulative specific energy increases. Also, they 
confirmed the postulation made by Levin in 1992 that the Ei was more appropriate for 
the measurement of fineness (Levin, 1992). 
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2.6 Concluding summary 
Milling is considered a high energy-consuming comminution process in mineral 
processing. As a result of this, many researchers have investigated factors that affect 
milling performance to optimise its operation (Deniz, 2012 & 2016; Deniz and Onur, 
2002; Tangsathitkulchai, 2003; Mulenga et al., 2016; Cho et al., 2013; Erdem et al., 
2009). Mill rotational speed was identified as one of the most crucial factors (Mulenga 
and Moys, 2014; Deniz, 2004). 
The rotating motion of the mill tumbles the charge (a mixture of balls and ore) and 
results in breakage of the particles as the balls rub and impact on each other. Three 
breakage mechanisms occur inside the mill as the results of tumbling motion which 
are impact, compression and attrition (King, 2001). Impact breakage occurs when 
grinding media come into forcible contact with each other. Breakage by compression 
and attrition arises primarily due to the frictional force caused by grinding balls 
rubbing against one another. The relative contribution of the three mechanisms to 
breakage is to a large extent dependent upon the rotational speed of the ball mill 
(Gupta and Yan, 2006). Depending on how fast the mill rotates the motion of the 
charge can be said to be cascading, cataracting or centrifuging. The cascading motion 
occurs when the mill rotates at a low speed below 50% of critical and more of attrition 
and compression involved which results in more production of fines. As the mill speed 
increases the charge starts to lift and falls as cataracting motion where more of impact 
takes place which results in coarse breakage. Again, when the mill speed increases 
further above 50% of critical the charge clings on the wall of the mill shell 
(centrifuging) where no breakage occurs, and the speed is known to be critical (Kelly 
and Spottiswood, 1982; King, 2001; Wills and Napier-Munn, 2005). Indeed, mill speed 
plays a big role in the internal motion of the charge and hence towards breakage. 
The literature revealed that the effects of mill speed on breakage have been 
extensively studied and modelled between 50% and 90% of critical (Austin et al., 
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1984; Deniz, 2013; Petrakis et al., 2017). Yet, it is in this speed range commonly used 
in mineral processing that mills have been reported to be inefficient. 
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Chapter 3 Experimental Section 
 
Batch milling tests were performed at the University of the Witwatersrand using roll 
ball mill. The effects of rotational speed on grinding kinetics of UG2 ore were 
evaluated at three different mill fractional speeds, i.e. 20%, 30% and 40% respectively. 
The size intervals of feed samples considered as part of the test work were as follows: 
-1.180 +0.850 mm, -0.850 +0.600 mm, -0.600 +0.425 mm, -0.425 +0.300 mm, and -
0.300 +0.212 mm. This section explains in details the methodology adopted for the 
laboratory test work. This includes the preparation of the mono-sized feed samples, 
the batch tests performed following what is known as the one-size-fraction method, 
and the systematic analysis of the particle sizes done on the various products 
generated by the batch mill. The equipment and material used for experimentation 
are also described. Briefly, the roll ball mill speed was set at 20% of the critical speed, 
followed by addition of feed of the first fraction to the mill and subsequently milling 
for different times: 0.5 min, 1.0 min, 2.0 min, 4.0 min, 15.0 min and 30.0 min. At the 
end of each milling time, particle size analysis was performed. The above was further 
repeated for 30% and 40% of critical speed. 
 
3.1 Description of ore sample 
The upper group two (UG2) chromitite ore sample was collected from the Department 
of Extraction Metallurgy, University of Johannesburg. The ore is a run-of-mine from 
Anglo American Platinum Waterval mine in Rustenburg. The UG2 is one of the three 
Bushveld complex ores; namely, Platreef and Merensky reefs. Each ore has distinctive 
properties and mineralogy (McLaren et al., 1982). They are mined for the recovery of 
platinum-group minerals (PGMs); namely, Platinum, Palladium, Osmium, Rhodium, 
Ruthenium and Iridium. Gold, Nickel and Copper are by-products of the ores. South 
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Africa is known as the largest producer of PGMs and has about 75% of the world 
Bushveld Complex reserves of PGMs ores (Cramer et al., 2004). UG2 ore has more 
reserves than any other Bushveld complex reefs (Cawthorn., 1999; Jones., 2005). In 
this study, UG2 ore was used and is discussed further. 
UG2 reef contains between 4.4 and 10.6 g/t of PGMs (Leroy et al., 2011) and is known 
as the richest source of rhodium, which is an important constituent of the catalysts 
used in motor car exhaust systems (Jones., 2005). It is well known by a high content 
of chromite as the principal gangue mineral, but recently chromite gained value and 
no longer discarded as a waste mineral. Chromite constitute up to 80% of the mass of 
UG2 ore (Leroy et al., 2011) and is recovered as ferrochromium (FeCr) which is used 
to manufacture stainless steels (Barnes et al., 1987; Murthy et al., 2011) , at which the 
application and demand are increasing at high rate (Danha et al., 2017). 
The major problem with chromite is in the smelting process; Pyrometallurgical 
process for further recovery of PGMs. It is forming high melting spinel restricting the 
recovery of PGMs, entrained during flotation due to over-grinding of the ore.  The 
average grain size of PGMs in UG2 is about 15 µm with a maximum size of 25 µm 
(McLaren and De Villiers, 1982; Penberthy et al., 2000). To liberate the mineral, the 
ore has to be ground much finer at about 80% -75 µm (Jones, 2005). This is a challenge 
since it conflicts with the coarseness requirement of chromite to limit entrainment. 
Indeed, grinding UG2 ore requires the knowledge of its breakage characteristics. This 
ore was identified to be fragile (Murthy et al., 2011) making the comminution easier 
and cost-effective. The mining costs of UG2 ore are lower mainly because of the high 
relative density of 4.3 g/cm3 (Gruenenwaldt, 1977). The use of UG2 ore makes this 
study more significant because of its high demand and availability. 
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3.2 Experimental equipment 
All the equipment used in this study was found at WITs mineral processing lab. The 
test work comprises weighing using top pan balance and analytical balance. Sieving 
was for feed preparation and after milling for particle size distribution analysis. 
Splitting of samples was done using vibratory spinning riffler and roll ball mill was used 
for batch grinding. All the aforementioned pieces of equipment were used repeatedly 
throughout the laboratory test work; they are explained below in details how they 
were used. 
Top pan balance refers to weighing scale that has the pan that is not covered by any 
structure. It was used in this study to weigh masses from 100 g upwards because it 
could not read the small masses below 100 g. It was always ensured that the balance 
was cleaned before use and well calibrated. An empty pan was placed on top of the 
balance; then, the scale was reset to zero. The sample was poured in a pan as shown 
in Figure 3.1 and the mass recorded on a spread sheet. 
 
Figure 3.1 Top pan balance 
An analytical balance was also available for weighing samples. This type of balance is 
very sensitive; it was therefore used in this study to weigh small samples believed to 
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have a mass below 100g. A weighing bowl was placed inside the balance, after which 
all doors were closed, followed by tarring the weight to zero. Afterwards, the empty 
bowl was brought out, filled with the sample, placed back inside the balance and the 
sample mass read as the output mass reading on the balance. 
 
Figure 3.2 Analytical balance 
A vibratory spinning riffler was used to homogenise and split samples into sub-
samples of equal mass for later use as feeds to the batch mill. In terms of procedure 
of sample preparation, the material was first scooped from the bulk container and 
weighed to 2 kg. It was then poured from the top of the riffler in a cone-shaped 
hobber; the stream of material went down through the vibrating feeder. The spinning 
riffler which consists of 10 pots as shown in Figure 3.3 then split the material into 10 
equal portions each weighing approximately 200 g. Five opposite pots were taken as 
representative samples, mixed and fed on a stack of sieves for the preparation of 
mono-size feeds. 
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Figure 3.3 Vibratory spinning riffler 
 
Figure 3.4 Sieve shaker with a stack of sieves 
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Sieving was extensively done for feed preparation and particle size distribution 
analysis. Sieving for feed preparation was done as follows: Seven sieves were 
arranged in descending order from 1.180 mm to 0.150 mm following the √2 sequence 
as standard laboratory procedure and closed with a pan at the bottom to collect the 
fine fraction. Arranged sieves were placed on a sieve shaker and a mass of 1 kg was 
poured onto the top sieve. Sieves were balanced with a plate on top and tightened 
with two nuts as shown in Figure 3.4. The sample was then shaken for 20 min to 
expose the particles to the apertures. Mass retained on each sieve was emptied in a 
pan using a brush and weighed. Each mass fraction was stored in a plastic bag and 
labelled with permanent marker according to sieve size. This was done repeatedly 
until a sample of mass 700g accumulated for mono-sized feed fractions: -1.180+0.850 
mm, -0.850+0.600 mm, -0.600+0.425 mm, -0.425+0.300 mm and -0.300+0.212 mm. 
The accumulation of 700g was done three times for feed sizes -1.180+0.850 mm, -
0.850+0.600 mm and -0.600+0.425 mm to compare the effects of three mill speed 
fractions on grinding kinetics as their masses accumulated faster. 
After each grinding test sieving was also performed for particle size distribution 
analysis, mill pot was emptied and sample separated from steel balls. The sample was 
then taken for sieving. A set of seven sieves were arranged the same way as for feed 
preparation. The first sieve was the upper sieve size directly above the feed size i.e. if 
feed size was -0.850+0.600 mm the arrangement of sieves started from 0.850 mm to 
0.106 mm. The sample was then loaded on a top sieve and sieved for 20 min. The size 
that passed the finest sieve was collected in a pan. Fractions retained on each sieve 
were weighed and mass recorded on a sheet. The above procedure was done 
repeatedly after each grinding test. As known that sieving is an inefficient task due to 
near size particles blinding the aperture sizes, mass retained on the first sieve was 
added to the upper size fraction. It was also shown that after each sieving step there 
was no more than 0.01g fraction of mass sample lost as part of material handling. This 
mass was added to the last finer fraction to account for the discrepancies. 
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After each sieving test, the sieves were cleaned using the ultrasonic bath shown in 
Figure 3.5. The bath uses ultrasound to agitate water which makes it easy to remove 
stuck particles stuck within the aperture of the sieves. The cleaning process took 30 
min after every use of the sieves. High-pressure air was used to dry the sieves while 
being careful not to bend the sieve wires or widen the aperture sizes. The same sieves 
were used throughout for consistency. 
 
Figure 3.5 Ultrasonic bath 
The batch ball mill used in this study was manufactured at Changsha Tencan Power 
Technology Company model QM-5. The mill volume was 5 dm3 and 0.2 m long without 
lifters. The settings of the mill operation were done on the mill key operation screen 
(see Figure 3.7) 
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Figure 3.6 Laboratory roll ball mill 
 
Legend 
MODE Switch display mode 
ENTER Reads and stores 
the setting 
parameters 
POTENTIOMETER Regulates the 
rotating frequency 
UP ARROW Function code 
selection 
DOWN ARROW Function code 
selection 
RIGHT DOUBLE 
ARROW 
Monitoring mode, 
display data in a 
scroll 
JOG Multifunction key 
RUN Starts operation 
STOP stops operation 
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Figure 3.7 Control screen for the operation of the ball mill with the digital panel 
displaying the value and the code of a particular setting 
The mill was set to rotate at three different speeds. The settings were done as follows: 
the mill pot was first filled with 4.3kg of 20 mm steel balls, closed and placed on mill 
stand as shown in Figure 3.6. A mark was pinpointed on mill pot using a marking pen 
as a reference to count a number of revolutions as the mill rotates. The stopwatch 
was used to time the revolutions as the mill was rotating. The potentiometer on the 
key operation display screen (Figure 3.7) was used to adjust the rotation frequency of 
the mill, clockwise to increase the rotation speed and anticlockwise to decrease. Mill 
started rotating by pressing the run button and the number of revolutions per minute 
was counted. Using the potentiometer, the speed was regulated to a point where 21.4 
rpm or 20% of the critical speed was reached. Once done with 20% critical speed 
grinding tests, the mill rotation speed was adjusted again to 30% and 40% critical 
speed respectively. 
 
3.3 Feed preparation 
The UG2 ore sample was already crushed to less than 2 mm when collected from the 
University of Johannesburg. Five mono-sized feed samples were then prepared in the 
following size classes: -1.180 +0.850 mm, -0.850 +0.600 mm, -0.600 +0.425 mm, -
0.425 +0.300 mm and -0.300+0.212 mm. The decision on the preparation of these 
fractions was based on the availability and the easy of how to prepare them. It was 
difficult to prepare very fine fractions below 0.106 mm. The mill diameter and ball size 
were also considered for the coarsest fraction. 
Table 3.1 Experimental design 
Feed size (mm) Mill speed (% of critical) 
Upper Lower 20% 30% 40% 
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1.180 0.850 X X X 
0.850 0.600 X X X 
0.600 0.425 X X X 
0.425 0.300  X  
0.300 0.212  X  
 
Table 3.1 shows the experimental design and gives a summary of feed sizes 
considered to perform the test work at each critical speed. 
It can be seen from Table 3.1 that fractions (-0.425+0.300 mm) and (-0.300+0.212 
mm) were only tested at 30% of the critical speed. This is because the bulk sample 
contained less of this fraction and was not easily accumulated. 
 
3.4 Batch grinding tests 
The batch grinding tests were done using a roll ball mill shown in Figure 3.6. The mill 
characteristics are given in Table 3.2 together with the test conditions. A plastic 
measuring cylinder of 1000 ml was filled with 20 mm steel balls to make 20% of 5 dm3 
mill, i.e. J = 20%. Based on Equation (2.1), it was possible to back-calculate the mass 
of grinding media required for the set ball filling. The mass of steel balls was prepared 
using the top pan balance in Figure 3.1 and their mass recorded. A total mass of 700g 
sample was determined to be needed as the feed for each batch milling experiment. 
The mass of feed sample was determined using Equations (2.2) and (2.3) while 
powder filling was set at U = 0.4. 
For each grinding test, the mill was therefore loaded with 4.3kg of steel balls and 700g 
of the UG2 feed sample. Dry grinding was performed next for milling times 0.5 min, 
1.0 min, 2.0 min, 4.0 min, 15.0 min and 30.0 min. After each grinding time, the mill 
content was emptied into a container and weighed to determine the weight losses 
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due to material handling. This weight loss was noted to be negligible compared to the 
initial mass (700g) that there was no need for correction during mass reconciliation. 
After that, the size distribution of the product was obtained using standard sieve sets 
(see Figure 3.4) following the √2 sieving procedure. The various fractions retained on 
each sieve and the pan was measured using the analytical scale in Figure 3.2 and their 
masses recorded on a sheet. After the first grinding time t = 0.5 min, the fractions 
were recombined and loaded into the mill for grinding for 1.0 min, 2.0 min, 4.0 min, 
15.0 min and 30.0 min respectively.  
Table 3.2 gives an overview of the testing conditions that the batch mill was operated 
under. 
Table 3.2 Mill characteristics and test conditions 
Mill diameter, D (mm) 175 
Mill length, L (mm) 208 
Mill volume (dm3) 5 
Critical speed, 𝑁𝑐 (rpm) 107 
Mill speed, 𝜙𝑐  (% of critical) 20; 30; and 40 
Steel ball size, d (mm) 20 
Ball filling, J (%) 20 
Ball charge weight (kg) 4.3 
Powder filling, U (%) 40 
 
It was decided to mill the UG2 ore under dry conditions as this is less challenging to 
handle than wet milling. Furthermore, dry milling tends to produce more consistent 
and reproducible results. This was deemed the preferred mode of operation also 
because not enough material was available to conduct replicate tests. Finally, the 
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limitation in terms of available single-sized feed samples also forced us to settle for a 
lower powder filling U = 40% and a ball filling J = 20%. The low powder filling reduced 
the work required for feed preparation sample and enabled us to accommodate more 
tests (see Table 3.1). The ball filling J = 20% was used with the understanding that 
many researchers have reported good kinetics results (e.g. Austin et al., 2007; 
Chimwani et al., 2013; Deniz, 2004; Gupta, 2016; Katubilwa and Moys, 2009). 
And perhaps the most important point to make is that mill speeds 𝜙𝑐  below 50% of 
the critical speeds were chosen because very little to no research on this parameter 
is available in the literature. The selected speeds were set as described in Section 3.3 
with Figure 3.6 as the supporting reference. The critical speed⏀, on the other hand, 
calculated using Equation (2.4) and use in setting up the speeds. 
 
3.5 Difficulties encountered 
There was not much challenge encountered in this experiment. Two major difficulties 
that influenced the course of action in the testing of the experimental design 
programme are discussed below. 
The first critical challenge resided in the preparation of single-sized feed samples. The 
bulk sample contained more of the coarser size fractions than the finer material, i.e., 
material less than 0.425 mm. Accumulating fine fractions, therefore, required more 
stages of sieving and took longer. Eventually, only a limited mass of fine material was 
constituted for a single batch test per particle size interval at the lower end (see Table 
3.1). 
The second challenge was in the measurement of the rotating speed of the mill. A 
tachometer was not available for the purpose that it was decided to proceed to 
manual counting of the number of revolutions of the mill for selected periods and 
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parameter settings as per Figure 3.7. This enabled us to produce a calibration curve 
that was then to set the desired speed for a particular batch test. 
Despite the above limitations, the experimental test work was conducted smoothly. 
Indeed, batch milling tests were performed using a laboratory roll ball mill to 
investigate the effect of speed on milling kinetics. The UG2 ore sample was used to 
perform the experiment. The ore is a run-of-mine from Anglo American Platinum 
Waterval mine in Rustenburg, South Africa. Five mono-sized lots of feed samples were 
prepared: -1.180 +0.850 mm, -0.850 +0.600 mm, -0.600 +0.425 mm, -0.425 +0.300 
mm and -0.300 +0.212 mm). A mass of 4.3kg of steel balls of diameter 20 mm was 
used to fill the mill volume of 5 dm3, i.e. J = 20%. A total mass of 700g sample 
representing a powder filling of U = 0.4 was used as the starting feed for all milling 
experiments. 
For each test, the mill was loaded with balls and powder. The feed was then milled 
for selected time intervals. After each grinding time, the particle size distribution of 
the mill product was measured. A stack of seven sieves was arranged in descending 
order following the √2 sequence as standard laboratory procedure and closed with a 
pan at the bottom. Each sieving test was performed for 20 min while mass fractions 
retained on each sieve were weighed and recorded. 
The above procedure was done repeatedly after each grinding test until the whole 
batch dataset was constituted. The next chapter describes the analysis techniques 
used to extract meaningful information from the dataset. 
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Chapter 4 Determination of the breakage function and 
selection function parameters of the UG2 ore 
 
4.1 Introduction 
This section covers the results obtained for the determination of breakage and 
selection function parameters. Indeed, “Knowledge of selection and breakage 
function parameters leads to improved equipment design criteria and consistent 
operating correlations” (Klimpel and Austin, 1977). 
The breakage properties of the UG2 platinum ore were determined using the single-
sized fraction method. This method consists of preparing one size fraction of material 
between two successive screens for batch milling. In this work, the upper and lower 
screens were symbolically represented by 𝑋𝑗+1 (Upper screen) and 𝑋𝑗  (lower screen) 
separated by √2 order used as feed. Breakage function parameters (𝛽, 𝛾 and Φ) and 
selection function parameters (𝑎, 𝛼, 𝜇, Λ) were determined and compared for three 
mill speeds, i.e., 20%, 30%, and 40% of critical. All other operating parameters were 
kept constant except the speed and feed size distribution, the two variables required 
for the study. 
 
4.2 Particle size distribution analysis 
After grinding each feed size fraction, the size distributions analyses of mill product 
were constructed. Starting by presenting these results in this section was found to be 
more appropriate as all the upcoming analysis evolved from here. Tables 4.1 – 4.3 
show the cumulative mass fractions passing each sieve after grinding. The distribution 
of the fragments produced from the feed, that is, material retained in top sieve size 
going down is used to define breakage function. 
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Table 4.1 Cumulative mass fractions passing sieve size for various batch milling times 
and mill speed 𝜙𝑐  = 20% of critical. Experimental conditions: feed size -
1.180+0.850 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 
Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 
0.5 min 2 min 4 min 15 min 30 min 
1.180 100 100 100 100 100 
0.850 8.43 16.43 22.86 40.43 51.14 
0.600 3.57 8.22 12.37 24.44 32.91 
0.425 2.47 5.75 8.47 17.24 24.53 
0.300 1.76 3.90 5.95 12.26 18.07 
0.212 1.19 2.70 4.11 8.56 13.15 
0.150 0.57 1.30 2.14 4.57 7.55 
0.106 0.31 0.58 1.02 2.27 4.12 
 
The latter is defined by Austin et al. (1984) as a fraction of feed material that appears 
in the lower fraction intervals at the short grinding time, explicitly, before re-
breakage. It can be seen that the feed size fraction decreases as time increases; this 
is used for the first-order plots and to evaluate the breakage rate of the material. 
Table 4.1 shows the cumulative mass distributions at various times. It can be seen that 
the distributed mass from feed size increases with grinding time. The increase of the 
distributed mass is due to the re-breakage of the material; hence calculations of the 
cumulative distribution function are done at short grinding times before re-breakage. 
Again it can be seen that the mass fraction of the feed disappears as grinding takes 
longer. The plot of the mass retained at top feed size versus grinding time gives the 
grinding kinetics. 
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Table 4.2 Cumulative mass fractions passing sieve size for various batch milling times 
and mill speed 𝜙𝑐  = 30% of critical. Experimental conditions: feed size -
0.850+0.600 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 
Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 
0.5 min 2 min 4 min 15 min 30 min 
0.850 100 100 100 100 100 
0.600 7.71 16.43 24.71 43.43 55.29 
0.425 2.85 7.71 11.82 24.92 33.99 
0.300 1.75 4.27 7.05 15.69 22.84 
0.212 1.17 2.69 4.42 10.16 15.39 
0.150 0.82 1.68 2.81 6.23 9.67 
0.106 0.60 0.97 1.61 3.26 5.38 
0.075 0.59 0.78 1.58 2.46 4.31 
 
Tables 4.1 to 4.3 present the same results at different grinding conditions. This will 
later be used for the determination of breakage and selection function parameters. 
It can be seen from Tables 4.1 to 4.3 that mass passing from feed size class after first 
breakage time does not change with size or speed, that is to say, fraction of mass 
passing at the feed size is not significantly different at the time 0.5 min interval which 
are 8.43%, 7.71% and 8.29% for 20%, 30% and 40% of the critical speed respectively. 
But as the time interval increases, the mass starts to differ, increasing with speed. 
 
Table 4.3 Cumulative mass fractions passing sieve size for various batch milling times 
and mill speed 𝜙𝑐  = 40% of critical. Experimental conditions: feed size -
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0.600+0.425 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 
Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 
0.5 min 2 min 4 min 15 min 30 min 
0.600 100 100 100 100 100 
0.425 8.29 18.14 27.86 49.86 67.57 
0.300 2.40 6.80 11.60 25.70 41.74 
0.212 1.40 3.74 6.74 15.49 27.48 
0.150 0.83 1.95 3.85 8.61 17.01 
0.106 0.45 0.77 2.01 3.55 10.12 
0.075 0.33 0.49 1.43 1.90 4.55 
0.053 0.28 0.35 1.13 1.30 3.33 
 
Figure 4.1 shows the cumulative particle size distribution curves of the results 
rendered in Table 4.1. The narrower particles distribution is observed at the shortest 
grinding time. However, the distribution gets wider as the milling time increases. It is 
clear that finer particles are produced at a longer grinding time. The same pattern is 
observed in all feed sizes tested at all speeds in this study and more data can be found 
in Appendix A. 
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Figure 4.1 Particle size distributions produced from milling the platinum ore of feed 
size -1.180+0.850 mm under the following experimental conditions: 𝜙𝑐  = 
20% of critical, U = 40%, J = 30%, and d = 20 mm. 
 
4.3 Batch milling kinetics 
Milling kinetics graph is plotted as mass fraction retained at the top sieve size class as 
a function of grinding time. Many researchers found the relationship as linear. Non-
linear or non-first-order breakage was observed in some cases (Tangsathitkulchai, 
2002; Chimwani et al., 2013; Austin and Bagga, 1981). Austin et al. (2007) also 
observed non-first-order breakage in one of his test works. It was reported that it was 
because there were large particles that could not be nipped by the employed ball size. 
In the current study, non-first order breakage was also observed and it was observed 
for all runs, irrespective of the operating conditions (see Figures 4.2 and 4.3 as well as 
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Appendix C). It was realised that the material consisted of fast and slow breaking 
material, thus Equation (2.10) can be used to fit the experimental results. 
Nonlinear regression technique was utilised to determine the equation parameters. 
This technique works by finding the best fitting parameters of a model by minimising 
the square of the error between the experimental values and the predicted ones. The 
function is defined as: 
SSE = ∑ [𝑃𝑒𝑥𝑝𝑡(𝑡) − 𝑃𝑚𝑜𝑑𝑒𝑙(𝑡) ]
2𝑅
𝑟=1
      (4.1) 
Where R is the number of runs considered to carry out a full batch test on given 
particle size 𝑋𝑖. Since each full test was done for 0, 0.5, 2, 4, 15, and 30 min 
successively, R = 6. 𝑃𝑒𝑥𝑝𝑡(𝑡) is retained experimental mass fraction on the top size 
screen 𝑋𝑗 at grinding time t. 𝑃𝑚𝑜𝑑𝑒𝑙(𝑡) is predicted mass fraction retained on size 
screen 𝑋𝑗 after grinding of single-sized feed material of initial size 𝑋0 for a total 
grinding time t. 
Considering Table 4.4 for illustration, experimental data was predicted using Equation 
(2.10) to obtain model data. The equation was typed using initial estimated unknown 
variables (𝑆𝑗,𝑠𝑙𝑜𝑤, 𝑀𝑗(0) and 𝑆𝑗,𝑓𝑎𝑠𝑡) and then model data was predicted. The error 
between the experimental and model data was summed and squared as Equation 
(4.1). The unknown values of the model variables were then corrected using the Excel 
Tool Solver by finding the minimum optimum values for the equation used. In this 
case, the equation was: 
𝑀𝑗(𝑡) = 79.44𝑒
[0.02(𝑡)]+ [100 − 79.44]𝑒[−0.59(𝑡)]   (4.2) 
A similar approach was followed with all the other batch grinding data so that Figures 
4.2 and 4.3 were produced for illustration.  
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Table 4.4 Illustrative application of nonlinear regression to determine unknown 
parameters of Equation (2.10). Experimental conditions: feed size -
1.180+0.850 mm, 𝜙𝑐  = 20% of critical, U = 40%, J = 20%, and d = 20 mm 
Time (min) Experimental 
Predicted 
(Equation 2.10) 
Squared 
Errors 
0 100.00 100.00 0.00 
1 91.57 94.10 6.40 
2 83.57 83.21 0.13 
4 77.14 76.37 0.60 
15 59.57 62.23 7.09 
30 48.86 48.75 0.01 
Sum of Squared Errors 14.23 
 
 
Figure 4.2 Milling kinetics of the UG2 platinum ore at 𝜙𝑐  = 20% of critical speed for 
various feed sizes. Milling conditions: U = 40%, J = 20%, and d = 20 mm 
40
100
0 5 10 15 20 25 30 35
M
as
s 
fr
ac
ti
o
n
 r
et
ai
n
ed
 [
%
]
Grinding time, min
-0.600+0.425 mm
 -0.850+0.600 mm
 -1.180+0.850 mm
59 
 
 
Figure 4.3 Milling kinetics of the UG2 platinum ore for feed size -0.600+0.425 mm 
milled at various fraction of critical speed 𝜙𝑐. Milling conditions: U = 40%, 
J = 20%, and d = 20 mm 
The predicted model line is shown through the experimental points in Figure 4.2. As 
can be seen, the graphs in Figure 4.2 show that there is non-first order breakage of 
the material, constituting of fast breakage and slow breakage. The average size 
decreases sharply during the first four minutes of grinding and then moves slowly as 
grinding proceeds. This is named as non-first order breakage (Austin et al., 1977). 
As mentioned earlier that the non-first-order breakage was observed in every grinding 
test performed in this study. Figure 4.3 also shows this behaviour. The experimental 
data fit well with the model which can be used to predict what happens when the 
grinding time is further increased. Figure 4.3 also shows the effect of speed on the 
breakage rate. As can be seen, the increase of speed pulls the graph down, increasing 
the slope. Thus, it can be said that the speed increases the rate of breakage. 
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4.4 Determination of the selection function parameters 
Austin et al. (1984) proposed that when a non-linear breakage is observed, the 
effective mean rate of breakage (selection function) can be determined. This is 
defined using the grinding time to 95% breakage and was adopted in this study. As a 
result, the time required to remain with 5% of feed size material on top sieve class 
was determined and substituted on first-order law Equation (2.6) to determine the 
effective mean value of the specific rate of breakage (S). 
Using Equation (4.2) as model equation from Table 4.4 dataset, 169.9 min was 
determined as time required retaining 5% of the material in top sieve size class, i.e. 
𝑀𝑗(169.9) = 5. The determined time (169.9 min) was substituted in first-order 
Equation (2.6) which looked as Equation (4.3) and effective mean specific rate of 
breakage (𝑆𝑗) was solved. 
5 = 100𝑒[−𝑆𝑗(169.9)]        (4.3) 
That is, 𝑆𝑗 = −
log 0.05
169.9
 = 0.0176 
For all milling conditions effective mean selection function was calculated the same 
way and presented in Table 4.5. 
Table 4.5 Effective selection function values for various feed sizes and for various 
fractional speeds 
Feed size (mm) 20% 30% 40% 
-1.180+0.850 0,0176 0,0161 0,0375 
-0.850+0.600 0,0136 0,0187 0,0347 
-0.600+0.425 0,0113 0,0192 0,0321 
-0.452+0.300  0,0109  
-0.300+0.212  0,0096  
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It can be seen from Table 4.5 that for feed size -0.850+0.600 mm and -0.600+0.425 
mm the selection function is directly proportional to the mill speed. As for the 
coarsest size -1.180+0.850 mm, the selection function decreased from 20% to 30% of 
critical speed and increases again at 40% speed. 
The selection functions values for each speed were plotted as a function of upper size 
(see Figure 4.4). The data points were fitted with the model Equation (2.8) using non-
linear regression technique to determine the selection function parameters (𝑎0, 𝛼, 𝜇, 
Λ) as illustrated by Table 4.6 and Figure 4.6. 
Table 4.6 Use of Non-linear regression technique for determination of selection 
function parameters at 30% critical speed 
Upper size (mm) Experimental 
Predicted 
(Equation 2.8) 
Error 
1.180 0.016 0.016 0.000051 
0.850 0.019 0.019 0.000530 
0.600 0.019 0.018 0.002335 
0.425 0.011 0.013 0.003923 
0.300 0.010 0.008 0.001153 
Sum of squared errors 0.007991 
 
The selection function values in Table 4.5 were predicted as shown in Table 4.6 at 30% 
of critical speed. The predicted values differ slightly with experimental values which 
makes the predicted data more reliable. This was plotted graphically in Figure 4.4 
below. 
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Figure 4.4 Selection function plotted as a function of feed size for the platinum ore 
under the following testing conditions: 𝜙𝑐  = 30% of critical speed, U = 40%, 
J = 30%, and d = 20 mm. Effective selection functions calculated at 95% of 
breakage (see Section 2.3.3 and Equation 4.3) 
The fitted values in Figure 4.4 were 𝑎0 = 0.04 min−1, 𝛼 = 1.36, 𝜇 = 0.9 mm, and Λ = 3.0. 
It can be seen that the breakage rate increases sharply up to 0.85 mm particle size 
and start decreasing as the feed size increases. The decrease of breakage rate was 
due to the large particles that cannot be nipped by the ball size used. It could also 
probably be due to the accumulation of the harder (stronger) material in the retained 
feed material. 
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Figure 4.5 Comparison of Selection function plotted as a function of feed size for the 
platinum ore at 20%, 30% and 40% of critical speed respectively under the 
following conditions: U = 40%, J = 30%, and d = 20 mm balls 
Figure 4.5 shows the effects of speed and feed size on the breakage rate. It can be 
seen that the rate of breakage increases with speed for all tested feed sizes and the 
maximum value of the rate of breakage was not reached except at 30 % of critical 
speed. At every mill speed, feed size affected the breakage rate differently. Again the 
rate of breakage at 40% of critical speed was higher than that at 20% speed. As for 
30% of critical speed, different results were observed; the rate of breakage increased 
with size up to 0.850 mm and started to drop. Thus, it could be said that the optimum 
size at this speed is 0.850 mm. 
Table 4.7 shows the fitted values of the selection function parameters for different 
feed fractions milled at 20% of the critical speed. The value of Λ  and 𝜇 could not be 
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estimated because the maximum size was not reached; in other words, the breakage 
took place at the normal region only. 
Table 4.7 Effect of feed size on the selection function parameters 
Feed size (mm) 𝑎0 (min
-1) 𝛼 (-) 𝜇 (mm) Λ (-) 
+1.180-0.850 0.0003 1.48 - - 
+0.850-0.600 0.0002 1.56 - - 
+0.600-0.425 0.0004 1.36 - - 
 
Table 4.8 shows data to predict the effect of mill speed on the breakage rate of feed 
size -0.850+0.600 mm. The corresponding graph is shown in Figure 4.6. 
Table 4.8 Effective mean rate of breakage feed size -0.850+0.600 mm 
% critical speed Experimental (𝑆𝑖) 
Predicted 
(Equation 2.8) 
Error 
20 0.014 0.011 0.004719 
30 0.019 0.021 0.007697 
40 0.035 0.034 0.001101 
Sum of squared errors 0.013520 
 
It can be seen from Table 4.8 that the breakage rate increased with speed and 
maximum speed was not reached. Figure 4.6 below shows the graphical relationship. 
For all sizes presented, maximum speed was not reached and the rate of breakage 
increased with speed. 
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Figure 4.6 Selection function of the platinum ore of size -0.850+0.600 mm plotted as 
a function of mill speed. Experimental conditions: U = 40%, J = 30%, and d 
= 20 mm balls 
Table 4.9 shows the effect of speed on selection function parameters. The values of 
𝑎0  increased with speed but the maximum value was not reached. As for 𝛼 the values 
increased with speed and dropped at 40% of the critical speed. It can be seen that the 
maximum speed was reached at 30% of the critical speed. Parameters  and  were 
only identified at 30% of the critical speed. 
Table 4.9 Effect of mill speed on the selection function parameters 
Mill speed 
(% of critical) 
𝑎0 (min
-1) 𝛼 (-) 𝜇 (mm) Λ (-) 
20% 0.03 0.68 - - 
30% 0.04 1.36 0.9 3.0 
40% 0.07 0.24 - - 
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4.5 Determination of cumulative breakage function parameters 
The values of cumulative breakage function (𝐵𝑖,𝑗) were determined from the size 
distributions at short grinding times as proposed by Austin et al. (1984). This method 
is called B-II procedure and suggests the use of grinding time which results in not more 
than 30% broken material out of the top feed size to be considered in order to avoid 
re-breakage. Austin and Luckie (1971) showed that even 65% of broken material can 
still be used. Equation (2.26) was used for implementation. The shortest grinding time 
considered in this study was t = 0.5 min. Table 4.10 illustrates how the 𝐵𝑖,𝑗 values were 
calculated. 
Table 4.10 Illustration of the B-II method on the data corresponding to the following 
conditions: Feed size -1.180+0.850 mm, 𝜙𝑐  = 20% of critical, U = 40%, J = 
30%, and d = 20 mm 
Sieve size 𝑋𝑗 
(mm) 
Cumulative % mass 
passing at 0 min 
Cumulative % mass 
passing at 0.50 min 
𝐵𝑖,𝑗  
(Equation 
2.26) 
1.180 100 100 1.00 
0.850 0.00 8.43 1.00 
0.600 0.00 3.57 0.41 
0.425 0.00 2.47 0.28 
0.300 0.00 1.76 0.20 
0.212 0.00 1.19 0.14 
0.150 0.00 0.57 0.06 
0.106 0.00 0.31 0.04 
 
Table 4.10 shows cumulative mass fractions passing screen size before and after 
breakage with 𝐵𝑖,𝑗 values for each fraction. The mass fractions were substituted in 
Equation (2.26) and 𝐵𝑖,𝑗 values were calculated. For all the experimental conditions, 
67 
 
𝐵𝑖,𝑗 values were calculated the same way. Table 4.11 shows the 𝐵𝑖,𝑗 values calculated 
at various speeds. 
Table 4.11 Cumulative breakage functions obtained for feed size -1.180+0.850 mm 
milled at 20%, 30% and 40% of critical respectively, U = 40%, J = 20% and 
d = 20 mm 
  Mill speed 𝜙𝑐  (% of critical) 
Sieve size 𝑋𝑗 
(mm) 
20% 30% 40% 
1.180 1.000 1.000 1.000 
0.850 1.000 1.000 1.000 
0.600 0.478 0.547 0.463 
0.425 0.330 0.370 0.294 
0.300 0.222 0.268 0.198 
0.212 0.152 0.200 0.128 
0.150 0.073 0.141 0.087 
0.106 0.033 0.103 0.054 
 
The cumulative breakage function values calculated were fitted by empirical Equation 
(2.27) using nonlinear regression technique, and the model parameters were then 
estimated. 
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Table 4.12 Use of non-linear regression for the determination of breakage function 
parameters. Experimental conditions: Feed size -1.180+0.850 mm, 𝜙𝑐  = 
20% of critical, U = 40%, J = 30%, and d = 20 mm 
Sieve size 𝑋𝑗 
(mm) 
xi/xj 
𝐵𝑖,𝑗 
(Equation 2.26) 
𝐵𝑖,𝑗 
(Equation 2.27) 
Error 
1.180 1.000 1.000 1.000 0.000 
0.850 0.720 1.000 1.000 0.000 
0.600 0.508 0.412 0.515 0.011 
0.425 0.360 0.284 0.322 0.001 
0.300 0.254 0.201 0.212 0.000 
0.212 0.180 0.136 0.141 0.000 
0.150 0.127 0.065 0.094 0.001 
0.106 0.090 0.035 0.063 0.001 
Sum of squared errors 0.014 
 
The predicted cumulative breakage function values fitted the experimental as shown 
in Figure 4.7. All other data set were fitted the same way and breakage function 
parameters were estimated. 
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Figure 4.7 Cumulative breakage function plot for feed of size -1.180+0.850 mm 
milled at 30% of critical speed, U = 40%, J = 30%, and d = 20 mm balls 
The breakage function parameters values obtained showed that 𝛽 and 𝛾 were 
affected by neither size nor speed and the values were 6.3 and 1.17 respectively. The 
value of Φ was sensitive to the milling conditions and the values are shown in Table 
4.13 for various mill speeds and feed sizes.  
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Table 4.13 Breakage function Φ for various mill speeds and feed sizes reported for 
average values 𝛽 = 6.3 and 𝛾 = 1.17. Experimental conditions: U = 40%, J 
= 20% and d = 20 mm 
 Mill speed (% of critical) 
Feed size (mm) 20% 30% 40% 
-1.180+0.850 0.70 0.90 0.65 
-0.850+0.600 0.50 0.55 0.60 
-0.600+0.425 0.35 0.35 0.35 
-0.425+0.300  0.25  
-0.300+0.212  0.35  
 
The results showed that Φ decreased with the decrease of feed size and started to 
increase again at the finest size. Change of Φ tells that the material is non-normalised. 
The higher value of Φ indicates that larger fractions of fine UG2 were produced in a 
single fracture event. Therefore, the feed size interval -1.180+0.850 mm broke faster 
than others at the short grinding time. 
 
4.6 Summary 
The breakage properties of UG2 platinum ore were determined using single-sized 
fraction method. Breakage function parameters (𝛽, 𝛾 and Φ) and selection function 
parameters (𝑎0, 𝛼, 𝜇, Λ) were determined for three mill speeds, i.e., 20%, 30% and 
40% of the critical and compared. The milling kinetics of the ore showed that the 
material was breaking in a non-first-order manner. The rate of breakage (selection 
function) could not be determined by the slope of the breakage kinetics plot. As a 
result of this, the effective mean rate of breakage was determined by substituting the 
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time required to break 95% of feed material in Equation (2.6). Nonlinear regression 
techniques were utilised to determine the required time by fitting the experimental 
data with the model that described the experimental data. Basically, this technique 
works by finding the best fitting parameters of a model by minimising the square of 
the error between the experimental values and the predicted ones. The effective 
mean rate of breakage obtained was plotted as a function of feed size. It was observed 
that the rate of breakage increased with size, but at 30% of the critical speed, 
maximum size was reached and the breakage rate dropped. Again, the effective mean 
rate plot was fitted with selection function model and selection function parameters 
were determined. It was found at 20% and 40% of the critical that Λ and 𝜇 were not 
determined because the maximum size was not reached. As for the 30% of the critical 
speed, parameters 𝑎0, 𝛼, 𝜇, and Λ were determined as 0.04 min
-1, 1.36, 0.9 mm and 
3.0 respectively. 
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Chapter 5 Assessment of the performance of a ball mill 
operated at low speed 
  
5.1 Introduction 
In this section, the performance of the ball mill was analysed by comparing the 
breakage parameters. It was also estimated in terms of energy expenditure and grind. 
Selection function parameter 𝑎0 was scaled up in order to see if the population 
balance model can be used and extended to the application of ball mills operated at 
low speed. Equation 2.14 was used as a general function for scaling up breakage rate 
functions with changes in operating conditions. 
 
5.2 Breakage characterisation 
5.2.1 Non-normalisable breakage 
Austin et al. (1984) mentioned that when the breakage function values are not 
constant, the material is said to be non-normalisable. It was observed in the previous 
chapter in Table 4.13 that the material (UG2 platinum ore) used in this study is non-
normalisable, that is, Φ  was changing with feed size and mill speed. The breakage 
function plot shown in Figure 5.1 also shows that the breakage function changed with 
feed size. The reason for this discrepancy is not known. 
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Figure 5.1 Cumulative breakage function plot for various feed sizes milled at 40% of 
the critical speed, U = 40%, J = 30%, and d = 20 mm balls 
However, Chimwani et al. (2013) characterised the breakage function parameters of 
platinum ore and found that the ore was normalised. 
 
5.2.2 Non-first order breakage 
The grinding kinetics of the ore used in this study was reported in the previous chapter 
and it was observed that the ore followed a non-first order breakage. It was reported 
in literature that first order breakage of material is not always the case. Austin et al. 
(2007) observed a non-first-order breakage in one of their grinding tests. The 
researchers claimed that the milled fraction was too coarse to be broken by the ball 
size used since the finer fractions followed first-order under the same grinding 
conditions. 
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Gupta et al. (2007) suggested that the feed material should be pre-ground in order to 
stabilize the strength and shape distribution of the particle sizes so that weak particles 
can be removed to avoid fast and slow breakage. The pre-grinding was not done in 
this study since it’s not a standard procedure. But it is believed that this could be one 
of the reasons leading to non-first-order breakage since the feed was not stabilised. 
Other possible factors contributing to non-first- order breakage may include sampling 
and sieving errors and the error due to abnormal motion of balls at the start and end 
of the mill rotation. 
 
5.3 Scale-up of breakage parameters 
Austin’s scale-up procedure to batch grinding data was employed in the current study. 
The empirical model is shown as Equation (2.14), it takes into account the mill 
diameter (D), ball diameter (d), powder filling (Fc), ball filling (J) and mill speed (N). 
Chiwmwani et al. (2014) stated that since 𝑎0 and µ depend on the conditions and the 
geometrical scale of the mill, their values have to be scaled up to the conditions of the 
mill to be simulated. Their scale-up procedures were shown in Equations (2.20) and 
(2.22) respectively. 
The experimental “𝑎0” value obtained in this study was scaled up to conditions 
reported by Chimwani et al. (2013) because both studies used the same material, UG2 
ore. Table 5.1 shows operating conditions of both studies. It can be seen that the 
scaled-up “𝑎0” value did not match the value by Chimwani et al. (2013). This could be 
due to errors via sample handling and the use of different equipment. Again, it could 
be that Chimwani’s laboratory mill had lifters. 
 
 
75 
 
Table 5.1 Illustration of the scale-up of the value of parameter 𝑎0 using conditions 
by Chimwani et al. (2013) as the baseline 
  Chimwani et al. (2013) Current study 
Mill diameter (m) 0.302 0.175 
Ball diameter (m) 0.01 0.02 
Powder filling (U) 0.75 0.4 
Ball filling (J) 0.2 0.2 
Mill speed (𝜙𝑐  ) 0.75 0.20 
𝑎0 0,32 0,04 
Scaled up “𝑎0” value 0,03 
 
The effect of speed on the model parameter 𝑎0 is presented in Figure 5.2. The 
experimental data fitted with exponential function with R2=0.9916. The obtained 
model was as follow: 
a = 0.0134e4.1836Nc        (5.1) 
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Figure 5.2 Variation of the value of 𝑎0 with mill speed 
The parameter 𝑎0 describes how fast the feed size fraction breaks. Figure 5.2 shows 
how speed affects the breakage rate of the feed size class. It can be seen that the 
breakage rate increased with speed in an exponential form but the maximum speed 
was not reached. This suggests that higher speed can give good results in terms of 
breakage rate. 
 
5.4 Mill performance: energy expenditure and grind 
The mass fraction passing 75 μm is more preferable for measuring grind (Levin, 1992). 
In this study was found to be even more relevant as the UG2 ore needs finer grind for 
liberation of platinum group elements. Size specific energy is more effective regarding 
energy efficiency calculations because it is related to the generation of fines and not 
the reduction in the top size. In this section, effect of speed on grind and size specific 
energy was evaluated. 
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5.4.1 Effect of mill speed on grind 
The results of the effect of speed on grind are shown in Figure 5.3. The results were 
fitted with a second-order polynomial function. It is clear that grinding for a longer 
period results in the higher grind, that is, more material passing 75 µm screen at all 
given mill speeds. Again it can be seen that the maximum grind is reached at different 
speeds depending on how long the milling takes place. The maximum grind was 
reached at approximately 30% of the critical speed when milling for 0.5 min, 2 min, 4 
min, and 15 min. The longest grinding time of 30 min reached maximum grind at 40% 
of the critical speed. It does not help to increase the speed when grinding for short 
period i.e. less than 30 min since grind drops due to the agglomeration of particles as 
the mill speed increases. 
 
Figure 5.3 Effect of the rotational speed of the mill on the grind size 
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5.4.2 Size specific energy 
The size-specific energy is a major input variable determining particle size reduction 
in a ball mill. It is calculated in three steps, i.e., mill power draw, mean specific energy 
and size-specific energy. 
The power draw is modelled as the rate at which the potential and kinetic energy are 
imparted to the charge in the mill. Increasing the mill speed increases the imparted 
kinetic energy and also the potential energy (higher shoulder). Thus, higher power 
draws are expected with increased mill speed (Shi and Xie, 2015). Kelly and 
Spottiswood (1982) have shown in Figure 2.9 that power increase with speed is only 
up to point before power begins to drop. There is a point where the material starts to 
centrifuge as the speed increases leading to power drop. The maximum power draw 
was found around 90% of the critical speed and industries usually operate ball mills 
at 75%. 
There are several methods for acquiring mill power draw. In this study, Equation 
(2.29) was used and the equation parameters are shown in Table 5.2. 
Table 5.2 Calculations of mill power: the total load mass (i.e. mass of balls and 
sample) is M = 4.23+0.7 = 4.93kg; the rotating speeds are N = 0.36, 0.54, 
and 0.71 rps corresponding to 20%, 30% and 40% of the critical speed 
respectively; the mill diameter D = 0.18 m 
Nc (rps) M (kg) D (m) Power (W) 
0.36 4.93 0.18 3.05 
0.54 4.93 0.18 4.57 
0.71 4.93 0.18 6.09 
 
It is confirmed from Table 5.2 that power increases with mill speed. Figure 5.4 below 
shows this trend. 
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Figure 5.4 Effect of mill speed on the net power draw of the mill 
It can be seen from Figure 5.4 that the power draw increases with increasing mill 
speed, but maximum speed was not reached as exemplified in Figure 2.9. 
For the batch tests, the mill is loaded and rotated for a time 𝑡 (sec) consuming energy 
E = P t (Joules). This energy corresponds to a specific energy 𝑒 = 𝐸/𝑚 (Joules/ kg), 
where 𝑚 is the mass (kg) of the sample. The energy that is consumed by the mill after 
each time interval and the corresponding estimated specific energy is shown in Table 
5.3 and Table 5.4 respectively. 
Table 5.3 Energy consumption as a function of mill speed and grinding time 
 
Energy Consumption (Joules) 
Power (W) 0.50 min 2.00 min 4.00 min 15.00 min 30.00 min 
3.05 1.52 6.09 12.19 45.70 91.39 
4.57 2.28 9.14 18.28 68.54 137.09 
6.09 3.05 12.19 24.37 91.39 182.78 
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Table 5.4 Specific energy calculated from Table 5.3 
 Specific energy (Joules/kg) 
Sample (kg) 0.50 min 2.00 min 4.00 min 15.00 min 30.00 min 
0.70 2.18 8.70 17.41 65.28 130.56 
0.70 3.26 13.06 26.11 97.92 195.84 
0.70 4.35 17.41 34.82 130.56 261.12 
 
According to Tables 5.3 and 5.4, it can be observed that more energy is consumed as 
the grinding time is prolonged.  
There is a selection function governing the size-specific energy level: some particle 
sizes receiving more specific energy, while some other sizes receiving less. The 
available specific energy for each particle size, Ei (J /kg), is determined by a selection 
function Si: 
𝐸𝑖 = 𝑆𝑖 ∗ 𝐸                                                                                                                  (5.1) 
The results of the relationship between the size specific energy and the % grind 
passing 75 µm using data from Table 5.4 is given in Figure 5.5.   
81 
 
 
 
Figure 5.5 Size specific energy at various fractional speeds of the mill 
According to Figure 5.5, the percentage grind increases as the size-specific energy 
increases at a specific operating speed. This was expected since more energy was 
needed to produce more grind or fines. However, a trend was seen at a very low size-
specific energy closed to zero. At this point, as revealed by Figure 5.5, the data cluster 
together irrespective of the applied speed. This means that at this point the 
performance of the mill is approximately the same irrespective of the speed used. The 
behaviour at this point probably followed Bond’s third law of communition which 
assigns the breakage of material only to the inherent physical property of the material 
(Bond., 1960). However, as the size-specific energy increased (e.g. close to 2 J/Kg), 
deviations in the performance in terms of % grind were observed for all tested speed. 
Moreover, the specific energy at 20% of the critical speed showed a deviation of 
positive slope compared to the negative slopes of the 30% and 40 % of the critical 
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speed. The reason for this deviation might be due to existence of lower energy due to 
lower speed. 
 
5.5 Significance of the findings 
In this study, it was found that the grinding kinetics of the UG2 ore followed a non-
first-order breakage. The maximum grind was reached at approximately 30% of the 
critical speed when milling for 0.5 min, 2 min, 4 min, and 15 min while the longest 
grinding time of 30 min reached maximum grind at 40% of the critical speed. Also, it 
was observed that the breakage rate increased with speed in an exponential form 
while the power draw increased linearly with speed. This significantly means that 
when grinding for a short time (≤15 min), a speed of less than 40 % of the critical 
speed should be used, as greater speed will cause grind inefficiency due to higher 
power consumption and grind drop. 
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Chapter 6 Conclusions and recommendations 
 
6.1 Introduction 
The effects of mill rotational speed on the selection function and breakage function 
of a UG2 ore were investigated. Many researchers have investigated the matter 
(Gupta and Sharma, 2014; Austin et al., 1984; Deniz, 2013 & 2004; Ozkan et al., 2009; 
Fuerstenau, 1978) but not much literature can be found on low speed, that is, below 
50% of critical speed. One size fraction method was employed in this study to 
determine breakage and selection function parameters. The parameters were then 
compared at different mill speed and feed size fraction. The milling kinetics of the ore 
was determined and it was found that the ore broke in a non-first-order manner. The 
deviation from the first-order was not large and the rate of breakage (selection 
function) was determined by the time required to break 95% of the ore. The 
population balance technique was successfully used to model the breakage behaviour 
of the UG2 ore at a low fraction of the critical speed. 
The maximum grind was reached at approximately 30% of the critical speed when 
milling for 0.5, 2, 4, and 15 min while at 30 min maximum grind was reached at 40% 
of the critical speed. This means that speed of less than 40 % of the critical speed is 
required for a grind that requires less than or equal to 15 min to avoid poor grind 
performance and wasteful energy consumption. In terms of the speed, power draw 
and breakage rate, it was observed that the breakage rate increased with speed in an 
exponential form while the power draw increased linearly with speed. This altogether 
means, more energy is required to obtain more grinds. 
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6.2 Effect of mill speed on the breakage properties of the UG2 ore 
Breakage and Selection function parameters are used to determine breakage 
properties of the material. Breakage function parameters are 𝛽, 𝛾 and Φ, and 
selection function parameters are 𝑎0, 𝛼, 𝜇 and Λ. 
6.2.1. Selection function parameters 
The selection function values obtained showed that the breakage rate of size fractions 
used in this study increased with speed but maximum speed was not reached. 
Therefore,  and  values were not defined. The values of 𝛼  and 𝑎0 were averaged 
to 0.76 and 0.04 min-1 respectively. It is recommended that more experiments be 
done at higher speeds to obtain optimum speed to be able to estimate accurately and 
precisely the values of 𝜇 and Λ  
6.2.2. Breakage function parameters 
The breakage function parameters are known to be constant irrespective of the 
milling conditions (Austin et al., 1984). In this study, it was found that Φ changes with 
speed and feed size. This makes the material to be non-normalisable. The other 
parameters were found to be reasonably constant at 𝛽 = 1.63, and 𝛾 = 1.17. 
 
6.3 Size-specific energy 
In terms of the size-specific energy, at lower specific energy, the % grind was 
approximately the same irrespective of the speed. This probably followed the bond’s 
third theory of communition. Energy is expended the same way for useful grinding 
irrespective of mill speed or that the input energy determines the grind regardless of 
mill speed.  
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6.4 Recommendations for future work 
As a result of the findings in this study, the following are recommended for future 
works: 
• A pre-grind should be incorporated into the procedure to stabilize feed and 
thus, evaluate the possibility of obtaining a linear first-order breakage 
• The mill speed greater than 40 % of the critical speed should be evaluated for 
the possibility of obtaining a maximum grind 
• Ball mill with lifters same as Chimwani’s should be used to see what difference 
could make on scaled-up value parameter 𝑎0. 
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Appendices 
 
A. Particle size distribution analysis 
Table A.1 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 20% of critical. Experimental conditions: feed size -
0.1180+0.850 mm, powder filling U = 40%, ball filling J = 20%, and ball size 
d = 20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
1.180 
100.00 100.00 100.00 100.00 100.00 
0.850 
8.43 16.43 22.86 40.43 51.14 
0.600 
3.57 8.22 12.37 24.44 32.91 
0.425 
2.47 5.75 8.47 17.24 24.53 
0.300 
1.76 3.90 5.95 12.26 18.07 
0.212 
1.19 2.70 4.11 8.56 13.15 
0.150 
0.57 1.30 2.14 4.57 7.55 
0.106 
0.31 0.58 1.02 2.27 4.12 
 
Table A.2 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 30% of critical. Experimental conditions: feed size -
0.1180+0.850 mm, powder filling U = 40%, ball filling J = 20%, and ball size 
d = 20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
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1.180 
100.00 100.00 100.00 100,00 100.00 
0.850 
9.57 21.29 29.00 50.43 58.29 
0.600 
5.35 12.52 18.17 33.96 41.99 
0.425 
3.65 8.50 12.17 24.49 31.72 
0.300 
2.66 5.72 8.45 17.99 23.69 
0.212 
1.99 4.03 5.82 13.18 18.18 
0.150 
1.41 2.05 2.94 7.07 10.94 
0.106 
1.03 1.35 1.73 3.68 5.19 
 
 
Table A.3 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 40% of critical. Experimental conditions: feed size -
0.1180+0.850 mm, powder filling U = 40%, ball filling J = 20%, and ball size 
d = 20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
1.180 
100.00 100.00 100.00 100.00 100.00 
0.850 
12.43 27.86 39.29 61.00 74.57 
0.600 
5.96 14.61 22.21 40.03 53.89 
0.425 
3.83 9.52 15.11 29.88 43.04 
0.300 
2.59 6.35 10.21 21.70 33.40 
0.212 
1.68 3.97 6.58 15.13 24.01 
0.150 
1.15 2.67 4.28 10.00 17.52 
0.106 
0.71 1.37 2.43 4.64 9.34 
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Table A.4 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 20% of critical. Experimental conditions: feed size -
0.850+0.600 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
0.850 
100.00 100.00 100.00 100.00 100.00 
0.600 
6.14 12.43 17.86 33.57 44.29 
0.425 
2.19 5.40 8.58 18.53 25.95 
0.300 
1.35 3.16 5.10 11.68 17.11 
0.212 
0.91 1.96 3.00 7.25 11.31 
0.150 
0.68 1.25 1.65 4.27 6.83 
0.106 
0.55 0.78 0.76 1.90 3.31 
0.075 
0.49 0.78 0.67 1.36 2.95 
 
 
Table A.5 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 30% of critical. Experimental conditions: feed size -
0.850+0.600 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 
Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 
0.5 min 2 min 4 min 15 min 30 min 
0.850 100.00 100.00 100.00 100.00 100.00 
0.600 7.71 16.43 24.71 43.43 55.29 
0.425 2.85 7.71 11.82 24.92 33.99 
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0.300 1.75 4.27 7.05 15.69 22.84 
0.212 1.17 2.69 4.42 10.16 15.39 
0.150 0.82 1.68 2.81 6.23 9.67 
0.106 0.60 0.97 1.61 3.26 5.38 
0.075 0.59 0.78 1.58 2.46 4.31 
 
 
Table A.6 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 40% of critical. Experimental conditions: feed size -
0.850+0.600 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
0.850 
100.00 100.00 100.00 100.00 100.00 
0.600 
9.14 21.86 31.43 56.57 69.71 
0.425 
4.30 10.90 16.66 35.39 48.76 
0.300 
2.51 6.23 9.84 23.01 34.15 
0.212 
1.60 3.80 6.17 15.13 23.54 
0.150 
1.06 2.46 4.01 10.20 16.89 
0.106 
0.62 1.25 2.72 6.63 9.88 
0.075 
0.47 0.89 1.98 4.81 7.36 
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Table A.7 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 20% of critical. Experimental conditions: feed size -
0.600+0.425 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
0.600 
100.00 100.00 100.00 100.00 100.00 
0.425 
4.57 10.29 12.00 28.86 39.00 
0.300 
1.14 3.46 5.11 12.44 18.65 
0.212 
0.72 2.12 3.02 7.47 11.65 
0.150 
0.49 1.37 1.84 4.25 6.81 
0.106 
0.35 0.90 1.62 1.78 2.80 
0.075 
0.33 0.63 1.18 1.51 2.10 
0.053 
0.28 0.60 0.70 0.94 1.60 
 
 
Table A.8 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 30% of critical. Experimental conditions: feed size -
0.600+0.425 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 
Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 
0.5 min 2 min 4 min 15 min 30 min 
0.600 100.00 100.00 100.00 100.00 100.00 
0.425 6.51 14.26 21.29 39.12 52.47 
0.300 1.83 5.21 8.66 19.47 28.74 
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0.212 1.09 2.95 5.12 11.33 18.13 
0.150 0.69 1.69 3.08 6.87 11.52 
0.106 0.44 1.01 2.09 3.34 6.73 
0.075 0.37 0.99 2.02 3.26 4.01 
0.053 0.27 0.57 1.30 1.53 1.94 
 
 
Table A.9 Cumulative mass fractions passing sieve for various batch milling times and 
mill speed 𝜙𝑐  = 40% of critical. Experimental conditions: feed size -
0.600+0.425 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
0.600 
100.00 100.00 100.00 100.00 100.00 
0.425 
8.29 18.14 27.86 49.86 67.57 
0.300 
2.40 6.80 11.60 25.70 41.74 
0.212 
1.40 3.74 6.74 15.49 27.48 
0.150 
0.83 1.95 3.85 8.61 17.01 
0.106 
0.45 0.77 2.01 3.55 10.12 
0.075 
0.33 0.49 1.43 1.90 4.55 
0.053 
0.28 0.35 1.13 1.30 3.33 
 
 
 
 
102 
 
Table A.10 Cumulative mass fractions passing sieve for various batch milling times    
and mill speed 𝜙𝑐  = 30% of critical. Experimental conditions: feed size -
0.425+0.300 mm, powder filling U = 40%, ball filling J = 20%, and ball size d 
= 20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
0.425 
100.00 100.00 100.00 100.00 100.00 
0.300 
4.29 8.00 10.71 22.57 32.14 
0.212 
0.85 2.38 4.12 9.52 14.79 
0.150 
0.51 1.39 2.42 5.22 7.97 
0.106 
0.29 0.96 1.66 3.13 4.48 
0.075 
0.22 0.76 1.65 2.25 2.97 
0.053 
0.20 0.72 1.22 1.95 2.20 
0.038 
0.17 0.69 0.96 1.48 1.36 
 
 
Table A.11 Cumulative mass fractions passing sieve for various batch milling times 
and mill speed 𝜙𝑐  = 30% of critical. Experimental conditions: feed size -
0.300+212 mm, powder filling U = 40%, ball filling J = 20%, and ball size d = 
20 mm 
 Grinding time (min) 
Sieve size 𝑿𝒋 
(mm) 0.5 min 2 min 4 min 15 min 30 min 
0.300 
100.00 100.00 100.00 100.00 100.00 
0.212 
5.66 6.91 7.05 16.22 29.50 
0.150 
0.66 1.43 2.16 6.02 10.88 
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0.106 
0.41 0.78 1.11 2.87 5.63 
0.075 
0.37 0.73 1.07 1.94 5.50 
0.053 
0.23 0.35 0.43 1.07 2.37 
0.038 
0.11 0.10 0.17 0.43 1.14 
0.025 
0.00 0.08 0.15 0.38 1.00 
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B. Retained mass on feed size fraction 
Table B.1 Retained mass percentages on top feed size. Experimental conditions: feed 
size -1.180+0.850 mm, U = 40%, J = 20%, and d = 20 mm 
Time (min) 20% critical 
speed 
30% critical 
speed 
40% critical 
speed 
0.00 100.00 100.00 100.00 
0.50 91.57 90.43 87.57 
2.00 83.57 78.71 72.14 
4.00 77.14 71.00 60.71 
15.00 59.57 49.57 39.00 
30.00 48.86 41.71 25.43 
 
Table B.2 Retained mass percentages on top feed size. Experimental conditions: feed 
size -0.850+0.600 mm, U = 40%, J = 20%, and d = 20 mm 
Time (min) 20% Critical 
speed 
30% critical 
speed 
40% critical 
speed 
0.00 100.00 100.00 100.00 
0.50 93.86 92.29 90.86 
2.00 87.57 83.57 78.14 
4.00 82.14 75.29 68.57 
15.00 66.43 56.57 43.43 
30.00 55.71 44.71 30.29 
 
Table B.3 Retained mass percentages on top feed size. Experimental conditions: feed 
size -0.600+0.425 mm, U = 40%, J = 20%, and d = 20 mm 
Time (min) 20% critical 
speed 
30% critical 
speed 
40% critical 
speed 
0.00 100.00 100.00 100.00 
105 
 
0.50 95.43 93.49 91.71 
2.00 89.71 85.74 81.86 
4.00 88.00 78.71 72.14 
15.00 71.14 60.88 50.14 
30.00 61.00 47.53 32.43 
 
Table B.4 Retained mass percentages on top feed size. Experimental conditions: feed 
size -0.425+0.300 mm, U = 40%, J = 20%, and d = 20 mm 
Time (min) 30% Critical speed 
0.00 100.00 
0.50 95.71 
2.00 92.00 
4.00 89.29 
15.00 77.43 
30.00 67.86 
 
Table B.5 Retained mass percentages on top feed size. Experimental conditions: feed 
size -0.300+0.212 mm, U = 40%, J = 20%, and d = 20 mm 
Time (min) 30% Critical speed 
0.00 100.00 
0.50 94.34 
2.00 93.09 
4.00 92.95 
15.00 83.78 
30.00 70.50 
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C. Milling kinetics 
 
Figure C.1 Milling kinetics of the UG2 platinum ore for feed size -0.1.180+0.850 mm 
milled at various fraction of critical speed 𝜙𝑐. Milling conditions: U = 40%, 
J = 20%, and d = 20 mm 
 
Figure C.2  Milling kinetics of the UG2 platinum ore for feed size -0.850+0.600 mm 
milled at various fraction of critical speed 𝜙𝑐. Milling conditions: U = 40%, 
J = 20%, and d = 20 mm 
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Figure C.3 Milling kinetics of the UG2 platinum ore for feed size -0.600+425 mm milled 
at various fraction of critical speed 𝜙𝑐. Milling conditions: U = 40%, J = 
20%, and d = 20 mm 
 
 
Figure C.4 Milling kinetics of the UG2 platinum ore at 𝜙𝑐  = 20% of critical speed for 
various feed sizes. Milling conditions: U = 40%, J = 20%, and d = 20 mm 
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Figure C.5 Milling kinetics of the UG2 platinum ore at 𝜙𝑐  = 30% of critical speed for 
various feed sizes. Milling conditions: U = 40%, J = 20%, and d = 20 mm 
 
 
Figure C.6  Milling kinetics of the UG2 platinum ore at 𝜙𝑐  = 40% of critical speed for 
various feed sizes. Milling conditions: U = 40%, J = 20%, and d = 20 mm 
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D. Cumulative breakage functions  
Table D.1  Cumulative breakage functions obtained for feed size -1.180+0.850 mm 
milled at 20%, 30% and 40% of critical respectively, U = 40%, J = 20% and 
d = 20 mm 
  
20% critical speed 30% critical speed 40% critical speed 
Upper size xi/xj Bi,j Bi,j Bi,j 
1.180 1.000 1.000 1.000 1.000 
0.850 0.720 1.000 1.000 1.000 
0.600 0.508 0.478 0.547 0.463 
0.425 0.360 0.330 0.370 0.294 
0.300 0.254 0.222 0.268 0.198 
0.212 0.180 0.152 0.200 0.128 
0.150 0.127 0.073 0.141 0.087 
0.106 0.090 0.033 0.103 0.054 
 
Table D.2 Cumulative breakage functions obtained for feed size -0.850+0.600 mm 
milled at 20%, 30% and 40% of critical respectively, U = 40%, J = 20% and 
d = 20 mm 
  
20% critical speed 30% critical speed 40% critical speed 
Upper size xi/xj Bi,j Bi,j Bi,j 
0.850 1.000 1.000 1.000 1.000 
0.600 0.706 1.000 1.000 1.000 
0.425 0.500 0.349 0.361 0.458 
0.300 0.353 0.215 0.220 0.265 
0.212 0.249 0.144 0.147 0.169 
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0.150 0.176 0.107 0.102 0.111 
0.106 0.125 0.087 0.075 0.065 
0.075 0.088 0.078 0.074 0.049 
 
Table D.3  Cumulative breakage functions obtained for feed size -0.600+0.425 mm 
milled at 20%, 30% and 40% of critical respectively, U = 40%, J = 20% and 
d = 20 mm 
  
20% critical speed 30% critical speed 40% critical speed 
Upper size xi/xj Bi,j Bi,j Bi,j 
0.600 1.000 1.000 1.000 1.000 
0.425 0.708 1.000 1.000 1.000 
0.300 0.500 0.244 0.275 0.281 
0.212 0.353 0.155 0.163 0.163 
0.150 0.250 0.106 0.103 0.096 
0.106 0.177 0.075 0.065 0.052 
0.075 0.125 0.071 0.055 0.038 
0.053 0.088 0.060 0.040 0.032 
 
 
Table D.4 Cumulative breakage functions obtained for feed size -0.425+0.300 mm 
milled at  𝜙𝑐  = 30%  of critical, U = 40%, J = 20% and d = 20 mm 
  
30% critical speed 
Upper size xi/xj Bi,j 
0.425 1.000 1.000 
0.300 0.706 1.000 
111 
 
0.212 0.499 0.194 
0.150 0.353 0.115 
0.106 0.249 0.067 
0.750 0.176 0.051 
0.053 0.125 0.045 
0.038 0.089 0.038 
 
Table D.5 Cumulative breakage functions obtained for feed size -0.300+0.212 mm 
milled at  𝜙𝑐  = 40%  of critical, U = 40%, J = 20% and d = 20 mm 
  
30% critical speed 
Upper size xi/xj Bi,j 
0.300 1.000 1.000 
0.212 0.707 1.000 
0.150 0.500 0.351 
0.106 0.353 0.165 
0.075 0.250 0.111 
0.053 0.177 0.061 
0.038 0.127 0.025 
0.025 0.083 0.021 
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E. Cumulative breakage function plots 
  
Figure E.1 Cumulative breakage function plot for feed of size -1.180+0.850 mm milled 
at various % critical speed, U = 40%, J = 30%, and d = 20 mm balls 
 
  
Figure E.2 Cumulative breakage function plot for feed of size -0.850+0.600 mm milled 
at various % critical speed, U = 40%, J = 30%, and d = 20 mm balls 
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Figure E.3 Cumulative breakage function plot for feed of size -0.600+425 mm milled 
at various % critical speed, U = 40%, J = 30%, and d = 20 mm balls 
 
 
Figure E.4 Cumulative breakage function plot for feed of size -0.425+0.300 mm milled 
at at  𝜙𝑐  = 30% of critical, U = 40%, J = 30%, and d = 20 mm balls 
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Figure E.5 Cumulative breakage function plot for feed of size -0.425+0.300 mm milled 
at at  𝜙𝑐  = 40% of critical, U = 40%, J = 30%, and d = 20 mm balls 
 
Figure E.6  Cumulative breakage function plot for feed for various feed sizes milled at  
𝜙𝑐  = 20% of critical, U = 40%, J = 30%, and d = 20 mm balls 
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Figure E.7  Cumulative breakage function plot for feed for various feed sizes milled at  
𝜙𝑐  = 30% of critical, U = 40%, J = 30%, and d = 20 mm ball 
 
 
Figure E.8  Cumulative breakage function plot for feed for various feed sizes milled at  
𝜙𝑐  = 40% of critical, U = 40%, J = 30%, and d = 20 mm ball 
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